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1.1 Introduction



1.2 Linear algebraic variational approach with Jacobi coordinates versus
propagation methods with hyperspherical coordinates

Hulthén-Kohn variational principle
e oldest variational method for scattering problems: introduced by Hulthén (1944)

e four years later: Hulthén and Kohn developed independently the Hulthén-Kohn
variational principle (HKVP)

e Rayleigh-Ritz method combined with boundary conditions for the scattering

e two other famous variational principles: Schwinger and Newton, where matrix
elements with Green's functions are needed:; these are more difficult to calculate
and are collision energy dependent

e in the HKVP just matrix elements of the Hamilton operator are needed
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e the problem of the HKVP: it is not invariant with respect to the choice of
boundary conditions, leading to problems with pseudo resonances

e using stationary wave boundary conditions for the calculation of the K-matrix
and calculation of the scattering matrix from the K-matrix with S = (1 +
iK)(1—1K)~! leads to different results as calculating the same S-matrix by using
incoming and outgoing wave boundary conditions

e S-matrix version of the HKVP was developed by Miller and Jansen op de Haar
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Variational principle for scattering
derivation of HKVP: potential scattering with V(R), R: translational coordinate

radial SE (h=1, m=1):

> I(l+1) )
(ZdRQ_ e —V(R)+k>\11l(R)_0 (1)
k*=F (2)
U, (R) is regular at the origin:
P;(0) =0 (3)
asymptotic form:
_ [
U, (R) ~ sin(kR — g + 1) (4)
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n;: exact phase-shift

functional defined as:

I - / (R LU (R)R (5)
L= (;;2 —l(l};l) —V(R)+k2> (6)

— trial wavefunction ¥;(R) (approximation for the exact wavefunction ¥;(R) )
(fulfills (3 and @) with the chosen phase shift 7,

— the functional I; is 0, if the Ansatz for ¥;(R) is equal to the exact wavefunction
Wy (R)
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— varying the wavefunction by 6¥;(R) a new function is obtained

~

Uy(R) = Uy(R) + 60(R) (7)
0U;(R) fulfils the boundary conditions:

0V (R —0) =0 (8)

3 z
Jim 0,(R) ~ cos(kR g + 57) (9)

with ([7) in (B) one gets for the variation of the functional d1; in first order

5T, = / ~ §,(R)LY,(R)AR + / " U(R)LOT,(R)AR (10)
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partial integration for the second integral in ([L0):

o _ oo _ d _ _ d
/ U,(R)L6F,(R)dR — / 53,(R)LU,(R)dR+ [W;(R)Ed%(}%)—d%(}%) £W(R)
0 0
(11)
variation of the functional:
o i - g os
5T, = 2 / 5T, (R)LU,(R)R+ | U1(R)-25%,(R) — 63, (R)-20,(R)| (12)
. iR iR )

use of the boundary conditions (3, ¥, 8) and (9) for U;(R) and 6¥;(R) in the
second part of ([L2):

5T, = 2 / 53,(R)LU,(R)dR + ki (13)
0
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under the condition that W;(R) fulfils ([)):
ol = k. (14)
one defines a new functional:
J =11+ kn (15)

with the exact wavefunction the functional is stationary (I; = 0)

the exact phase shift is calculated from the stationary values of the functional in
(15)

in general the exact wavefunction is not known, one uses W;(R), which depends
upon (n+1) parameters and fulfils the conditions in (8 and )
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plugging the wavefunction into ([I5), perform differentiation, integration one gets
the functional J depending upon (n+1) parameters c;, 7;:

—0i=1,2..n —— =k (16)

approximate values for the phase shift are calculated by putting ¥:(R), with
parameters from ([16), into ([L5))

for the asymptotic boundary conditions for the trial wavefunction one can use
also other relations:

~ [ l

U;(R) ~ cos(kR — g) + cot 7sin(kR — g) (17)
~ _ [T . [T

U (R) ~ sin(kR — 5) + tan msin(kER — 5) (18)
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finally, one gets for the functional in (9):

J =1+ k cot i (19)

J =1+ k tan n (20)
e (20) is the original formulation of Kohn

e the formulation in ([19) (Hulthén) is called also the inverse Kohn-method
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S-matrix version of the Hulthén-Kohn- variational principle
formulation in 1D: trial functions with incoming and outgoing wave boundary

conditions

Incoming wave:
UQ(R) _ ,U—1/2€—sz

v = %:asymptotic velocity, wave vector k = hy/(2uF),

flux for the incoming wave

regularisation of the wavefunction with
uo(R) = f(R)v™ /e~

f(0) = 0 and f(R) = 1 for R— oo, the second term in (
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v~1/2 defines an unit

21

(23)

) is a product of the
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outgoing wave
ui(R) = f(R)v /2t (24)

and the approximate S-matrix S

third term in (R1)) defines a set of N square-integrable L*- basis functions within
the interaction region with variational parameters c;

variation of the trial wavefunction:

U(R) = U(R) + 6F(R) (25)

SU(R) = u1(R)SS + ) ibe; (26)
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and plugging into the functional in (B):

with ¥ (R) (26)) and ¥(R) (R1) into the second part of the integral:

2 . d d . d . d
I'nt — (‘ﬂ) [_5SUO(R)EW(R)+u1(R)Eu1(R)ass+ﬁuo(}z)u1(3)5s—ul(R)E

the part within the parenthesis of the last equation in (R7) is (—2ik/v)
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for the variation of the functional:
o0 _ h _
5T, = 2 / 5U(R)LU(R)AR — 53
0 1

define a new functional J:

J=258+ %/ U(R)LY(R)dR
0

in Dirac notation (the 'bra’ is not taken complex conjugate)

J=258+ % < U(R)|H — E|U,(R) >

21 ~ A ~
5. = % < 0U(R)|H — E|¥(R) >
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variational conditions are now

5J =0 (31)

if the trial function W(R) is the exact wavefunction and therefore the solution of
(H — F)|¥Y(R) >= 0, the S-matrix is S =5 =J

e we get the S-matrix version of the HKVP as

S — ext [S+% < U(R)|H — E|¥(R) >] (32)

with (R1) into (32):

. N N
Z 2 N A
S = ﬁext[< uo| H—FElug > + | E/ 1(:7;02-/ < u;|H—F|u; > —2 ZE : c; < u;|H—FE|ug >]
1,17 = =

— Ralph Jaquet, University Siegen — 15



< uo|H—E|u; >=< w;j|H—FE|ug > < ui|H—Eluy >=< uy|H—FE|u; > (33)
for 4,4 =2, N and
< uo|H — E|u; >=< u1|H — Elug > —ik (34)

fori,i’' =1

for the calculation of the coefficients ¢; we perform the variation of (33) as

0
(%Z- -

0, i=1,..N (35)

e from this we get a set of NN linear equations, which can be solved by matrix
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inversion, the result is put back into (33) and for the S-matrix follows

. N
— J[< uo|H—Elup > — Y <w|H-FEluo > (< wilH—Eluy >)" < ug|H—Elug >

)
h “
1,4'=1
or In matrix notation:
G = %(MOO ~ MM~ M) (36)
Moo =< U()’]:I — E‘UO > (37)
(MO)Z =< uz|}AI — E|UQ > 1+=1,....N (38)
(M); 9 =< uglH — Elug > i=1,..,N (39)
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e in order to simplify the time-consuming inversion of the complex matrix, it is
better to separate out the real and imaginary part in (36]); this has been done
with Feshbach partitioning:

§==(B-C"(B")'C) (40)
B = Mgy, — M{ MM, (41)
C =M;o— (MMM, (42)
Ml,O =<< U8|}AI — E"U,O > (43)

e in this S-matrix formulation there are no so-called Kohn-anomalies (found in
the K-matrix version of the HKVP)
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If the condition
det/M| =0 (44)

is fulfilled, then in (B(Q) singularities may occur, which result from Siegert
eigenvalues (physically correct singularities of the S-matrix for complex energies,
they characterise energies and lifetimes of resonances (E — iI'/2))

— In the scattering calculations the collision energies are real, and resonances will
not occur in the S-matrix

K = —2 (Mg, — MgM~'M,) (45)

S=(1+iK)(1—-iK)* (46)

— whether one gets problems with singularities depends on the boundary
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conditions of ug and u; for the K-matrix:
uo(R) ~ v 2sin(kR) ui(R) ~ v~ %cos(kR) (47)

— now up Is a real function and M is a real matrix, with real eigenvalues; for
some real values of the collision energy E we get singularities in (45)

elastic scattering: the S-matrix is just a number

S = exp(2in) (48)
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Multi-channel formulation: general aspects

Sngmy = €t[Clngny + 7 (Ungl H — B[ ¥y, )] (49)

4
U, (R): trial wave function (regular at R = 0) with the asymptotic form (for

\iji(Ra {Q}> — Z(_uOnz nnz + Z Uln Cln T §bn({Q}) (50)

n

R: translational coordinate, {q}: coordinates of all internal degrees of freedom
with the channel eigenfunctions {¢,,({q})}

e this is the multichannel formulation for ¥(R, {g}) which can be used for elastic
(without {g} and ¢,,.), inelastic and reactive processes (with introduction of the

— Ralph Jaquet, University Siegen — 21



indices 1,2 for the arrangements A + BC and AB + C in the collinear case)

— {uin(R)}, 1 =2,.., N is a square integrable basis set

— ugn(R) and uy,(R) have the properties of incoming and outgoing waves, which
can be "free” functions (the special form depends on the dimension of space to
be included) or distorted functions

— in order to regularize ug, and w1, (u1, = ug,,), they are multiplied by a cutoff
function f(R)

— in case of collinear reaction one chooses

)%f(R) = %{1 + tanh|a(R — |

— stationarity of (49) with respect to the expansion coefficients c;,, », (in (50))
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leads to the matrix equation

S — %(B _ CTB* 1) (52)

S, B and C: matrices of the size of the number of open channels

B = Mgy — MgM M,

C = M;o — Mg"™M™'M,

(Moo)nn' = (Uon®n| H — Eltignér)

(M10)nn' = <U1n¢n|ﬁ — Elugp/¢p)

(M), iy = (win| H = Eluyds), 1,1 =2,.,N
(Mo)in.nt = (w1¢n|H — Elugndns), 1=2,..,N

O1
o1

o1
~

A~ /N /N /N /N A/
o1 o1
00 (@)
~— — N — — —

— Ralph Jaquet, University Siegen — 23



— the translational functions in the bra symbols in (55,66) are not the complex
conjugate ones, n: collective index of all internal quantum numbers

e the main numerical effort in this scattering method is the calculation of matrix
elements

— those in (55,66,68) have to be recalculated for each energy

— the matrix elements of the Hamiltonian and the overlap matrix over the basis
Upn, 1> 2, in (B7) have to be calculated only once, but the inversion of M has
to be repeated for each energy

e in our work the wavefunction (u,¢n, | > 2) is built up from FE-functions in
the interior region and analytical functions (u;,, [ < 1) in the asymptotic region
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— we first solve the eigenvalue problem within FEM in 2D, resp. 3D

up to a maximum eigenvalue F,,,, or up to a finite number of eigenfunctions,
which are then used as a new orthogonal basis for calculating the matrix elements

in (b7) and (b8)

— the inversion of the large matrix M for different collision energies is then just

the inversion of the diagonal elements

e in order to reduce the size of the matrices in (

53

b8

), different polynomial

orders for finite elements and different potential adapted basis sets have been

tested
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S-matrix version of the HKVP: 3D formalism
atom-diatom system with three arrangements a: (A + BC, B4+ AC, C + AB)
(Ra,qa, arrangement «)

dan:asymptotic internal eigenfunctions of H,, with asymptotic potential energy
v, for this arrangement:

2 2
A S L

“5. R, 8R§Ra] —V +vq, V4 = Rilinoo V (60)

an: complete set of quantum numbers which characterize the channel. ugan(R.):
asymptotically incoming translational function for channel an

lim Raugan(Ra) ~ v-1/2¢= i kanRa—=(7/2)lon) [ = LhaVan = \/2,ua(E — €aqn) /B

Ro—s00 an
kon and l,n: wave vector and orbital angular momentum for the channel an;
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Uoan(Re) and u1an(Rs) as before

expansion of the scattering wave:

ajny — Z ¢an QOz uOozn(f{ oo nn1 + Z utan Ctan oqnl] (61)

aqng: initial channel, ¢ton o0 : variational parameters

asymptotic form of the wavefunction

Ro— o0

(62)
go: for a given arrangement ¢, = (fra,f%a) with r, as the relative diatomic
coordinate vector
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n: (vjlUM), (v,j): vibrational and rotational quantum numbers of the atom relative
to the diatom, |: orbital angular momentum of the atom relative to the diatom,
(J,M): total angular momentum and its projection onto a space fixed axis, the
matrices are diagonal in J and M

channel eigenfunctions @an:

_ L JM oy (2N, T L I\ J
ban(da) = Pap(ra, Ra) = { —— (=1 foj(ra) > C(3 I ky —k) 1 (va) Dypy(A, B
k
(63)
fvi(ra): diatomic vibrational eigenfunction, C: Clebsch-Gordan coefficients,

WU.r(va): associated Legendre polynomial, v,: angle between r, and Ra, D]‘{M:
Wigner rotation matrix

—  the matrix elements of (H — E) between typical basis functions

JM
Ut (Ra)Pyyii(Ta, Ila) are evaluated as usually
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— Euler angles (A, B,T'). are integrated out analytically, rest is done numerically

e general expression for the matrix elements is

(M)tj’oz "o 51 tawjl =< Upq /¢a v/ ]’l’lH E|ut04¢ow]l >=
(—1)7"+ > C(IVK , —K)CGIL K, —k)
kK’

X /dTut/a/(Ra/)fo/q/j/(TO/)\Ijj’k’(’Ya’)d/},/k(’Ya’a)Ra_l

B2 d2 R +1)

—1
2indR2 T oz T Covs TV 7 Ve~ Bl ta(Ba) favs(Ta) Usk(7a) (64)

X |[—

d7: three-dimensional volume element (dr = 'r2 R2 sin e, drodRodye)

Yo!.o: angle between the two vectors Ra/ and Ra
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€avj: rovibrational eigenvalues of potential v,
[Lo: translational reduced mass for channel «
— integration variables can be chosen in a variety of ways

because we do the scattering calculations (reactive and non reactive) only with
one Jacobi coordinate, the angle ~,/,, is identically zero:

di’k(fYoz’oz) — di’k(o) — 5k,k’7 (65)

(64) reduces to a single sum

no exchange matrix elements, those with o # «

(64) applies for t and t" = 0 or 1: "free" translational function, for Mg, Mjy,
\Y 1§
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for L? functions: t,t’ > 2 for the matrix M.
Uoavil(Ra): spherical Hankel functions

— regular and irregular parts multiplied with different cut-off functions (f1, f2)

Rottgavji(Ra) = Vo *(kavjRa) X [f1(Ra)u(kaviRa) — i f2(Ra)ji(kaviRa)

J1 and n;: regular and irregular spherical Bessel functions
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3D potential adapted basis functions from 3D eigenvalue calculations
— solution of the 3D eigenvalue problem (interior region of the ABC -system)
— general formalism introduced by Sutcliffe et al.

e body-fixed Hamiltonian:
H=Ky+Kyr+V(rR,~) (66)

V. electronic potential, Ky and Ky g include different vibrational (V') and
rotational (R) terms

e symmetrized angular basis functions:

|j7 k>= 2_1/2(1+5/€0)_1/2[\Ijjk(’Y)DZ{\Zk(Av B, F)+(_1)quj—k(7)D]{4—k(Av B, F)]
(67)
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the total parity is given by (—1)7T? with p = 0 or 1 for e or f states, respectively

e effective kinetic energy operator (J = 0):

0 R 0° R 1 1
Ky = 8,0 | — - (j+1 68
VT TR [ 21012 2u3 OR? 3 i+ (,ulfr2 i ,ugRQ)] (68)

(41 and po are the usual reduced masses in Jacobi coordinates

e Ansatz for the wavefunction of El‘]:

W =N dlnli k> m>|n> (69)

kK jmn

— radial basis functions for  and R (|m > |n >)
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— symmetrized angular basis functions (|7, k >)
e FEM: instead of |m > |n > a new set [mn > (no separation in r and R)

homonuclear diatomics: wavefunction is symmetric or antisymmetric with respect
to interchange of the like atoms, j even and odd are symmetric and antisymmetric

e we start with the 2D solution in » and R: for a given angle ~

F[(T, R) =Ky + Kygrp+ 5k:’k: < j/,k|V(7“, R, ’}/)‘j,]{ >y (70)

— appropriate angular functions
‘ja k>= \Ijjak(fY)"]a M7 k> (71)

|J, M, k >: total angular momentum eigenfunctions
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e transformation of the Hamiltonian of ([70) to a discrete variable representation
(DVR) in ~:

HPV'=T"HT (72)

TF, = w25 (Vha) (73)

v, and w;: points and weights of an N-point Gauss-associated Legendre
quadrature points of order k

e contribution due to the potential, which is diagonal in the DVR:

N+k—-1

Z Tf?a, < JEIV(r,R,)|j, k >~ Tfa ~ doa!V (1, Ry Via) (74)
J,3'=k
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e angular off-diagonal contributions:

N+k—1

Lk,— Z a/j]—l—lTk/:a

e resulting J = k = 0 effective radial Hamiltonian:

2 A2 2 92
o6 |- he 0°  h* 0
201012 219 0R?

L V(R w] '
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(

M17“2

" po IR?

)

(75)

LO

aa’

(76)
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Strategy:
(1) solve the effective radial Hamiltonian for each o on the DVR grid by using

finite elements

(2) lowest solutions, selected either by number or energy cut off, are then used
to construct a full 3D Hamiltonian matrix which is diagonalised to yield the
eigenenergies and values for the wavefunctions at the DVR grid points

— with permutation symmetry of like atoms as in ABy systems:

N/2+k—1
5, =0 Z Ty e (2i+@)2i+q+ )T 0 q=01  (77)
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Distorted waves
e reduction of computer time:

— reduce the number of basis functions in the interaction region
— reduce the number of functions in the asymptotic region

e idea: solve first the inelastic problem with a close-coupling method
(Groenenboom et al) and coupling with FE

CC-method: wavefunction x;(R,r, ) is expanded in basis functions ¢;(r,8) for
each scattering channel, which describe rotation (j;) and vibration (v;) along the
reaction coordinate R

system of coupled equations for the translational matrix function U;,;(R)

solution by a propagation method (renormalized Numerov method)

— Ralph Jaquet, University Siegen — 38



separation of the different arrangement channels: distortion potential in the area
R < Rmax

two different distortion potentials: two different solutions

linear combination of the distorted inelastic waves: to get incoming and outgoing
waves for the HKVP

inelastic waves fulfil SE in the area R = oo — Rmax

close-coupling solutions overlap with the L?-basis functions
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Figure 1:
Separation of
the potential area
into parts for the
L? basis functions
and the plane or
distorted waves
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Advantages:

e We do not need cut-off functions any more. The distorted wave automatically
describe the boundary conditions at R = 0.

e Reduction of the area for the L2 basis functions.

e (H — F) operating on the distorted waves (see (108)) is only a multiplicative
operation and easy to calculate.
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Numerov method for distorted waves
close-coupling equation for U;;(R) along the translational direction R (Jacobi
coordinate), inelastic atom-diatom collision (J = 0) in three dimensions:

2 Xj(Ra r, 9)
H—-F — 4
(i - 0 (78)
X;: expansion ¢;(r,0)
Ntot
i(R,7,0) Z¢Z r,U;;(R);7=1,2,.. N (79)

ntot: sum of open and closed channels

2. collective index for the rotational j; and vibrational quantum number v;
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(78 and [79): multiplication from the left with the asymptotic eigenfunctions
¢i(r,0), integration over r and 6:

9_U(R) = W(R)U(R) (80)

2 i(J: + 1
Wi, = h_/; < &i[V(R, 7, 0) — V(co,r,0)|¢; > +[2 (JRQ ) k25, (1)

solution at the grid point Rj:

R = Ro+ kA; k=1, ... nstep (82)

Uy (1,7 left out for simplification) is defined as U(Ry)
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Numerov propagator (Milnes correction formula):

AQ
U, =2U,_1—Up_o + E(WkUk + 10Wr_1Up_1 + Wk;_QUk;_Q) (83)

equivalent to

A2 5A? A2
(I — EWk)Uk — 2([ + 1—2Wk_1)Uk_1 + (I — EWk_Q)Uk_Q =0 (84)

— direct propagation of the U-matrix can be numerically difficult
— to get converged results for U: closed channels have to be included
— leads to large values within the U matrix

e easier to propagate: Q)
Qr = Up_ U (85)
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(86)

Qr = [12] — 10F;_1 — Fy—2Qr—1]" " Fi (87)
— from Uyp=0and U; #0: Q1 =0

— recursion formula (

37

): Q27 Q37 P Qnstep

— with (89): U-matrix can be calculated back from Unstep to U

Unstep Will be calculated from the asymptotic behaviour of Uy:

Uij(R) ~ U-_l/Q[COS(kZ'R

1
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Uii(R) ~ |v;| Y/ ?[exp(—|k;|R) K;; + exp(|ks|R))ds] closed channels  (89)

{K;;} is the K-matrix

e Reformulation:

Uij(R) = Cij(R) Ky + Ci5(R) (90)
Ca(R) = o]/ (cos(kiR — 21)) (1)
Sii(R) = |vi]- 1/2<sm(k3—%j"))5ﬁ (92)
At R = Ry:
U = Cr K + Sy (93)
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for the K- and S-matrix:

K = —[QxCk — Cr—1) ' [QxSk — Sk_1] (94)

S=T+iK)I—iK)™! (95)

e modification of the starting problem: V0§p>(Ra) (p = 1,2), two independent

solutions x\”’

H—-E+VPR)XP () =0p=1,2; ¢o = (RaTas0a)  (96)

XP(40) =Y ¢w(ra, 02)U?,  (Ra) (97)
n: all open, n’ all open and closed channels
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— asymptotically(see (88)):

UP)(R,) ~ C(Ry) + S(Ry)K P (98)

incoming and outgoing waves (H™, H™) with S-matrix boundary conditions:

HY = C(R,) + S(Ry)K®™

H) = C(R,) — S(Ra)K® (99)
then

UP) AP  —g=)get L g+) (100)

AlP) — 2(—I+iK(p))_1
gt — (-1 — 7;K(JO))(_] 4 iK(p))_l
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Subtraction of (

with

one gets

100) with p = 2 from the one with p = 1:

DAL _ g@ 4@ o g (g@F _ g

A — §@F _ gt
ED = A0 (Ah—
E® = _A®(Ah)!

ULEQL L@@ o g-)
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— inelastic waves with boundary solutions for incoming and outgoing waves:

n, n:: only open channels

(Mo) . n-matrix elements:

from (96)):
(H — E)xn = -V, 2 xP
with ([LO6):
2
(H - E)xn ==Y _VO(R) > XY
p=1 n'/
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— FEM and Numerov grid points not identical: interpolation

(Mo);n n: at the FEM grid points, interpolate the values for U(R;)

Uz(p) — (]<p)(RZ),fiZ =th,1 =ng,no+ 1....,n1

R, = R;,_1+ah withb=1—a; R;_1 and R; are original grid points

ab(a — Q)hQW-_lU-_l N ab(b — 2)h?

U(R,) =bU,_ U,
(Ry) 1 +aU; + 6 6

WU, (109)
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(Mo,0) . n/-matrix elements:

< xn|H — E|Xw >

D HH D W

p=lg=1 m m/

(Mo,0)n.n

(110)

with
(R) S UPL(RUY (R) (111)

n

xpt,— - [T anv,
’ 0

n: open and closed channels
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Distortion potential:
e to prevent the overlap of the incoming inelastic waves of the different

arrangements:

— the distortion potential should be repulsive at short distances (R < Rmax)
— for R > Rmax the potential is zero

— for Rmax the potential should be chosen such that the interaction region
becomes small so that not too many L?-basis functions or finite element grid
points are needed

— the distortion potential should not increase too much, otherwise the calculation
of (Mo);n.n» Needs too many interpolation grid points

- max 4 max
Vogp) — { ap(R R ) y R < R ) (112)

0, R > Rmax
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1.3 The hyperspherical method

Figure 2: Potential energy
contours for an atom-diatom
reaction. The Jacobi
coordinates of arrangement «
are sketched.
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numerical calculation of the wavefunction /M

1 A
JM __ J JM
m)\fvjl — Z R)\/fA/,U/j/llA,Ujl(RA/)@)\/,UIJ-/Z/(I‘A/RA/)
)\/,U/j/l/

analysis of its asymptotic behaviour at large atom-diatom distance

1 .
J —t(ky,; Rx—1lm/2
Finjiswji(Bxr) = —7z€ noi BT I2) 513810051501
k)\’l)j
1 i(k Ry,
= Ry Ry — 7/2) o
k.l/2 (& S}\/U

)\/,U/j/

FUBTY

in each arrangement A\ permits the evaluation of the K and S matrices

(113)

(114)

e appearance of different Jacobi coordinate systems in the asymptotic behaviour

— Ralph Jaquet, University Siegen —

55



renders reactive scattering calculations more complicated than inelastic scattering
calculations, for which only one set of Jacobi coordinates is needed

e calculation of the wavefunction in the reaction region needs to be performed
with a different type of expansion

e collinear expansion of 1, Jacobi coordinates in arrangement «:

V= ZX@U(Ta)fU(Ra> (115)

Xav(Ta): solutions of the asymptotic Hamiltonian of arrangement «

[_i;—% + va(Ta)]Xav(Ta) = €aXav(Ta) (116)
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Vo (ro): C diatom potential, the limit of the potential energy function V (R, )
when R, — o0

e f should be integrated from 0 to some limit R}'¥®* situated in the region
where the interaction potential has reached its asymptotic behaviour in both
arrangements « and (3

e a large number of eigenstates Y. (7o) are needed to represent accurately the
wavefunction in arrangement (3 because vibrational wavefunctions with a small v
quantum number are localized near the minimum 7£? of the potential v, (r,)

e the number of bound vibrational states for a molecular potential is finite, a
continuum of states X..(7) with positive energy should also be included in
the close-coupling expansion

e Oone may use an expansion over eigenstates which are adapted to the true
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potential and not to the asymptotic potential

e one thus defines adiabatic states by solving for each R,:

1 07

[__— ‘|' V(Raa Toa)]Xow(Ra; Toz) — €a(Ra)Xow(Roz; Toz) (117)

21072

e the first eigenstates of (

117

) concentrate into regions of low potential energy

and thus will conveniently 'fill" the two arrangement valleys at large R,

e the part of the wavefunction which goes into arrangement « is very well
represented by an expansion over these eigenstates

e this is however not the case for the part of the wavefunction which goes into

arrangement (3
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e the wavefunction W is roughly localized between two equipotentials
corresponding to the total energy E

e lines of constant R, cut these equipotentials obliquely, the length in the r,
coordinate is larger than in the rg coordinate

e solving a SE on a larger range of the variable means more effort and also more
states to reach the limits of the domain of definition of the wavefunction

e this difficulty is most pronounced for large skew angles .3 (i.e. for light-
heavy-light collisions)

e for very small skew angles (heavy-light-heavy collisions), this difficulty does not
appear and the expansion over the x,,(Ry; 7o) states is a viable alternative
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e minimizing the number of basis states in each arrangement requires a coordinate
system in which lines of constant values of the propagation variable cut the
arrangement valleys at right or almost right angles, for large values of the
propagation variable

e such coordinate systems are obviously curvilinear

e the simplest of the coordinate systems which satisfies these requirements is
(polar coordinates)

p=+/R2+r2 w = arctan;—a (118)

(87

in 3D: generalization of polar coordinates yields the hyperspherical coordinates
of six-dimensional space
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_ mamp _\/mc(mA+mB+mc)
(Rg) B \/(mA+mc)(mc+mB) (ma+mc)(me+mp) Ra> (119)

rs3 mg(ma+tmpt+mg) mAmp | Y
(ma+me)(me+mp) (ma+me)(me+mp)
or
(Rg) _ ( cos Gap SN Pag ) (Ra) (120)
rg —Sin o3 COS Pup r,
tan ¢a6 = m(;/,u, Pas = ¢a6 — T, ¢a6 = [ﬂ', 371'/2] (121)

— Transformation from one (mass-weighted) Jacobi coordinate to the other is
a mere rotation, the hyperradius p = \/R2 + 12 does not depend on the
arrangement index A\

— a set of five hyperangles denoted collectively as €2 completes the description of
configuration space
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Hyperradial equations

Six-dimensional Laplacian:

— — 10 0 A*(Q)
V. + V5 = S
Ry 145 o app dp 2

A%(Q): the grand — angular momentum

explicit analytical form depends on the choice of hyperangles

A2(Q) commutes with 2 and J,

Hamiltionian:

1 0 0 A*(Q
0 AXQ)

0
pp°Op~ dp  2up?
Eigenfunctions of A? are called hyperspherical harmonics.

+ Vi(p, Q)
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They form a complete set of eigenfunctions in {)-space and can be used to
represent the variation of W(p, () at fixed p.

Many of them are in general needed to represent the wavefunction accurately,
especially at large p.
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The adiabatic representation
fixed-p Hamiltonian:

H(p) =" ;f’

define a set of potential adapted adiabatic states ®;(p; ), ( eigenfunctions of
H(p):)

+ Vi(p, Q) (124)

H(p)®p " (p;9) = €. (0) @3 (0; ) (125)

partial wave ¥7/M can be expanded over the @/ (p; Q) states:
1
JM _ Z IM (. O\ £J

hyperradial components f(p) are the solutions of a set of coupled second order
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differential equations:

)+ Bl (0) — S 2P

Q / f =0
(127)
non — adiabatic couplings in ([127]) are given by
J JM 0 - 7m
P (p) =< @37 (p; ) (9_pq’k/ (p;2) >q (128)
J JM 0
Qi (p) =< 21" (p; Q)’a_pgq)k’ (p;2) >q (129)

e large density of states CID,gM, numerous avoided crossings occur between adiabatic
curves €; (p)
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e ®/M have to be evaluated on a very fine grid of p to yield an accurate
representation of the P and (Q couplings

e (127) in general difficult to integrate numerically.

— Ralph Jaquet, University Siegen — 66



The diabatic representation

instead an adiabatic representation: better to use a diabatic representation

(expansion over constant states, in small sectors [pg)pz(f)] centered on p,)

W (5,.0) = =5 3 BN (s ) i) (130)
k

coupled equations :

1 d? 15 7 7 7
[_ﬂd_pg + 81102 — Elf§ (Pp3 Q) + zk; Hk:k:’(ﬂp3 p) fi (Pp3 p) =20 (131)
diabatic coupling terms:
H(ppi p) =< @M (0p; Q)| H ()| 2 (03 Q) >0 (132)
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diabatic couplings are smooth and well behaved, rapid variations of the non
adiabatic P and () couplings
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Propagation inside a sector
— sector width : important parameter for the efficiency of the calculations

— small width : couplings (L132) are almost diagonal (they are exactly diagonal
for p = py)

— computational cost: if the basis functions is large, large number of
diagonalizations is needed

— large sector width: decreases the computational cost of the basis, increases the
one for the solution of the hyperradial equations (matrix elements ([L32) become
large when p is far from the reference point p, , more channels are necessary to
represent the wavefunction with a given accuracy)

e several algorithms are currently in use for CC in inelastic scattering theory

e CC for the hyperradial equations (Johnson algorithm modified by Manolopoulos:
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well suited to reactive problems, being both fast and accurate)

Propagation of the logarithmic derivative matrix:

Z(pp; p) = f/(PpQ p)E(pp; P)_l

from the left side pz(f) to the right side pz(f) of each sector

(L33): f and f’ are square matrices of order N ( CC equations )
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Propagation from one sector to the other

condition of continuity: p°/?>U’M and of its p-derivative permits to relate the
hyperradial components and derivatives at the left boundary of the sector centered
on pp11 to their values at the right boundary of the sector centered on p,:

Sk (pp+1,pp+1 ZUkk’ po+1; Po) (o 57 (134)
k/

fi(Pp1; Pp+1 ZUkk’ Pp+15 Pp) Fie(Pp; (T)) (135)
k/

transformation matrix U(p,11; p):

Ui (ppr15 p) =< @M (pp; Q)| @M (0p; Q) > (136)

— Ralph Jaquet, University Siegen — 71



(L34) and ([135]) define starting conditions for integration of the coupled equations
in sector p + 1 , transformation on the logarithmic derivative matrix Z :

(7)

[ _
Z(pp+15 p511) = Ulpps1; ) Z(pp3 pS)U (pp1; pp) " (137)
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Asymptotic analysis
wavefunction /M can be matched to the asymptotic form :

fS\]/”U/j/l’)\Ujl(RA/) f)\v]l(Rk)(SA/Adv v 5l/l fAU]l(R)‘/)KS\]/U’j/l/AUjl (138)

for open channels:
Fron(Ba) = B35 Radilneg Ba) fu () = K35 Ry Ra) - (139)
for closed channels: (hl(i) are spherical Hankel functions)

1 ), .
£ (R = [hws| Y2 Bab{ T (il krus | Ba)
f)(\i)]l( A) = Vf/\vj‘1/2R/\hl(+>(’i|7€>\vj|R>\) (140)
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— on an hypersphere of radius pmax, the quantity p®/2U7/M and its p-derivative
are continuous (the left and right values at p = pmax are the same for all ).
One can thus project the continuity equations onto the basis functions of the last

sector p, whose right boundary péﬂ = Pmax

matrix of regular asymptotic solutions f(1) and its derivative f(1)";

oS
Figt =< LM (pps Dp* 2T (Rara) >0 (141)
1)J 9, 1)JM
(Frai) =< M (o Dl (PO Rarn) >0 (142)

\I!,(:)A‘i% is the full regular asymptotic function:

nov 1o =
Vit = - isust (BN LR (Rary) (143)
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— quantities inside the ket in ([141]) and ([L42) are evaluated at p = pax

— matching equations are obtained from the condition that the numerically
integrated logarithmic derivative matrix Z is equal to its asymptotic form

— imposing K- matrix boundary conditions:
Z = (fV — s/ (£ — fRIK) ! (144)
— K-matrix, S-matrix:

K = (Zf® — £@)~1(z£® _ £ (145)

S=(1+iK)/(1—-iK)! (146)
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A remark on flux conservation
traditional inelastic scattering theory:

e one shows that the logarithmic derivative matrix Z is a symmetric matrix,
because of the symmetry of coupling matrices

e wronskian of asymptotic functions is unity
e K-matrix is symmetric
e S-matrix is symmetric and unitary

In reactive collisions:

e symmetry of the logarithmic derivative matrix is destroyed by the
transformation ([L37), because U~! £ U*
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e Wronskian of the asymptotic solution matrices 1) and £(2) is not a unit matrix
e the K-matrix is no longer symmetric

e S-matrix is no longer unitary

In practice:
if enough closed channels are included in the wavefunction expansion, symmetry
of the logarithmic derivative and K-matrices is preserved, at least for their open

part
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Hyperspherical coordinate systems
several choices for the five ) hyperangles are possible:

e the generalization of spherical coordinates in three-dimensional space to six-
dimensional space yields the following parametrization : x7 = pcosfy, x9 =
psinfipcosbsy .., x5 = psinfipsinbs,..cosls, rg = psinfipsinbs..sinfbs in
which the hyperangles 604, ..., 04 lie between 0 and 7 and 05 lies between 0 and 27

e this parametrization however suffers from the defect that the transformation of
hyperangles when one performs a spatial rotation is complicated

e this implies that the potential energy V' will depend on the five hyperangles
in a manner which does not show rotational invariance explicitly and renders the
calculation of matrix elements and of other quantities difficult

e in practice, to take account of rotational invariance and to simplify the
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calculation of matrix elements, one has to use body- frame coordinates in which
three parameters (p and two hyperangles) specify the size and shape of the ABC
triangle, while three Euler angles specify its orientation in space Fock coordinates

(p, w,\,f:\,f{\)\) . wy = arctan(ry/R)) lies between 0 and 7/2

body-frame Fock internal coordinates (p,wx,7x): 7 is the angle between the two
Jacobi vectors ry and R and three Euler angle which specify the orientation of
the molecular plane in space

the z axis of the molecular frame can be chosen to lie along R,

there are of course three kinds of Fock coordinates, depending on the arrangement
A=, 3,7
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Smith-Whitten democratic coordinates

the principal axis frame (the one in which the inertia tensor is diagonal):
— z-axis of the molecular frame to lie along the axis of least inertia

— y-axis: to be perpendicular to the molecular plane

— two angles © and @, : permit to compute the coordinates of the two Jacobi
vectors in the molecular plane

Zyx=pcosOcosPy  zy=pcosOsind, (147)
X, =psinOsin®,, xy = —psinO cos D, (148)

— O: between 0 and /4, @) : 0 and 27
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— moments of inertia:

I, = pp*sin°® I, = pp?cos?©® I, = pp’ (149)
— fixed p and O : the extremity of the vectors R and r) lie on an ellipse whose
half-axes are pcos® and psin®
— © = 0: corresponds to linear configurations

— O = 7/4: the two Jacobi vectors are perpendicular and the system is in a
symmetric top configuration (I, = I, = I,,/2)

— three equal masses: corresponds to an equilateral ABC triangle, while, for a
symmetric light-heavy-light system, we have a triangle with a right angle and two
equal sides

— transformation ([L20): between the different sets of mass- weighted Jacobi
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coordinates, one deduces easily that Smith-Whitten coordinates of arrangement 3

are the same as the ones of arrangement «, except for the angle ® which changes
as (I)ﬁ = (I)a — (I)ag

— Smith-Whitten coordinates of each arrangement are essentially the same, treat
all particles on the same footing
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Relation between Smith-Whitten and Fock coordinates

x, - Ra o« y, - | Z:2Rarasin77a
P p p

1
,S = §|Ra X I'al (150)

X2 +YZ2+ Z% = p? can also be written as 45/p

S: surface of the mass-scaled triangle (and also of the real triangle ABC),
invariant with respect to the arrangements

— with these coordinates, we can associate to each possible triangle shape and
size a point in a 3D space:

e this permits a convenient mapping of potential surfaces

e the transf. between (X,Y,Z) and (X3Y3Z) is a rotation of angle 2®,4
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e the expression of these coordinates in terms of Fock coordinates :
Xo = pcos22wy, Yo = psin 2w, coS Ny, Z = psin 2w, sin 1, (151)
e terms of Smith-Whitten coordinates

Xy = pcos20 cosPa, Y, = pcos20sin 2P, Z = psin 20 (152)

151)): apparent that 2w, and 7, are the (6, ¢) spherical angles in the (Y,Z X,
n
system

(I52): we see that w/2 - 20 and 2®, are the (A, ¢) spherical angles in the
(Yo XoZ) system
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Computer implementation and applications

e several implementations of the hyperspherical method exist at present

e it appears that Smith-Whitten coordinates are very convenient because they
single out the projection of the total angular momentum onto the axis of least
inertia

e this axis is close to the atom-diatom axis in each arrangement and rotates
slowly from the reactant atom-diatom axis to the product one for reactions in
which symmetric top configuration is not accessibler

e when quantizing internal motion onto this axis, one finds that rotational
coupling is minimal for reactions in which the saddle point is in a linear or
near-linear configuration
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e the most expensive part of the computations lies in the solution of the close-

coupling equations for all J and E values which are needed to get converged
cross sections

e computer time scales as N° ( N is the number of channels ) matrix inversions

e using present day computers, systems involving about one thousand channels
(or even more) can be treated and converged reaction cross sections have been
recently obtained on systems like H + Hy F +H5 , CI + H5 and He +HT, etc.
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1.4 Recent developments, reduced dimensionality, negative imaginary
potentials, etc.

see the volumes of: Bowman 1994, Zhang and Wyatt 1996, Baer 1986, etc.
Different variational principles

Authors: Truhlar; Kouri : Newton variational principle, Schwinger variational
principle, amplitude density method, etc.

Authors: Miller, Zhang; Manolopolous, Wyatt : Kohn variational principle
Different body-fixed systems
Pack et al

Different hyperspherical approaches
Authors: Aquilanti , Lagana; Launay, Le Dourneuf: Linderberg; Pack, Parker,
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Kress; Schatz; Manolopolous; Billing; Hinze, Wolniewiecz, Ahlijah

Different arrangement channel procedures
Authors: Kouri, Truhlar; Micha; Tang

Integral equation approaches
Authors: Kouri, Truhlar; Micha:

Time-independent wave packets
Authors: Kouri; Zhang; Althorpe et al

Approximate methods

Angular momentum decoupling

reactive infinite order sudden (RIOS) and other methods:CS, ES, etc.
Authors: Kouri; Pack; Jellinek; Baer;
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Figure 3: RIOS:
The Al- and

V- arrangement
channels In
cylindrical

coordinates.  The
fixed vy and
planes as well the
borderline I'y, are
shown.Jellinek et al
in [1]
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Faddeev approach
Author: Micha

T-matrix approach
Author: Tang

Distorted wave Born approzimation
Authors: Schatz; Miller; Tang

Reduced dimensionality

Authors:  Bowman; Clary; Hayes, Walker (bending-corrected rotating linear
model); Energy shift approximation

Author: Bowman

Negative imaginary potentials
Authors: Last, Baer
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Figure 4: Potential
with a schematic wave
function. (a) Without

negative Imaginary
potential, (b) with
negative Imaginary
potential. Collinear

potential energ with
NIP Last and Baer in

4]
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Figure 5: Collinear
potential energ with
NIP and NIADP. (a)
product arrangement
channel, (b) reagent
arrangement channel.

NIP: negative
imaginary  potential,
NIADP: negative
imaginary potential

decoupling potential.
Last and Baer in [4]
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Four- and polyatomic reactions
Authors: Bowman; Clary; Schatz

Non-adiabatic reactions
Authors: Schatz, Connor; Baer; Truhlar; Nakamura

The geometric phase effect
Authors: Kupperman; Baer
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11.5 Computer implementations and methodologies

Basis sets, DVR, FEM, etc.
see volumes of Lagana 1988, Cerjan 1993; [320], [8], [9]
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The finite element method (FEM)
general idea of FEM:

e change from the integration to a summation over many subdomains called
elements

e on each element the wavefunction is approximated by a parametrized function
u

e simplest choice are polynomials of different degrees, e.g. in two dimensions

u(z,y) = Y ciya'y’ (153)

1,7
e on each element e a certain number of grid points is choosen and the function

— Ralph Jaquet, University Siegen — 95



1 on the element is expanded as

u()(z Zu( 'N (x, y) Zu@N(e’ (G1, G2, Ca)

u® = u(zs, ;) (154)

e formfunctions ]\7,6-<e> (Ni(e)) are defined to have interpolating properties inside
each element e and are zero or one at the grid points:

Nz, y5) = 6 (155)

e integrals over the whole domain of the problem are then sums over all elements
e we choose a triangular form of the elements
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e simple integration formula, if one transforms from an arbitrary triangle to a unit
rectangular triangle with the coordinates £ and 1 and then to " natural triangular
coordinates” (;:

r =1+ (x2 — 21)€ + (3 — 1)1
y =y + (Y2 —y1)&+ (Y3 —y1)n (126)
G=1-§—-n =& G=7n (157)

e formfunctions can then be expressed in terms of the (;

e general formulas in one and two dimensions
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Grid schemes in FE for calculating a potential adapted basis.
reduction of computing time:

e we tested eigenfunctions that cover some or all different reaction channels and
these eigenfunctions will build up an effective basis set for scattering

e this will be even more interesting for polyatomic systems if for each channel,
potential adapted eigenfunctions (in more than one dimension) can be made
available

e the problem that one has to deal with is the linear dependency
e we tested it for collinear H + Hs

e the most appropriate version is to include the complete area for the whole
reaction including the break up into the three atoms
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e the advantage of FE is to have the choice to use an irregular grid that is
adapted to the given problem

e in our applications we normally use an equidistantly subdivided grid for that
part of the potential area that is needed to describe the physics correctly

e within the multigrid methods the solution algorithm defines where to choose
more grid points

e special grid for a special single solution

Aim: adapted grid that is nearly optimal for many solutions, e.g. many bound
state wavefunctions or for scattering calculations with many collision energies

earlier work:
use of the Bohr-Sommerfeld (BS) formula to create a 1D grid that leads to a small
number of points for which many eigenvalues (up to F,,..) can be calculated
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with the same high accuracy

grid points x;: [ p(z)dr ~ wh with p(z) = /2 (Emaz — V(x) as the

Ti—1
classical momentum corresponding to the energy F g

now:
optimisation of the grid in 2D in two different ways depending on the underlying
potential energy surface (PES)

first version:
— the grid depends on the contour lines of the PES for well choosen energy
values

— each contour line is described by a number of points which are used for
triangulation

— the energy values and the spacing of the points on the contour lines are
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defined by some rules, e.g. logarithmic or exponential spacing for the energy
values depending on the problem and enlarged spacing on the contour lines for
high energies, e.g. well above the collision energy (Fig. )

— the triangulation should not create triangles with too sharp angles and not to
many triangles have to be connected in one point (around 6 would be optimal),
otherwise the polynomial approximation in FEM becomes numerically problematic

— depends on the number of grid points to start with and how dense they are
lying

— beginning with the points of the contour lines, triangles are created and after
that a reduction of triangles will proceed

— automatic grid generation is still not optimal
second version:
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— using the BS-formula as in 1D

— starting with a relatively fine equidistant grid in 2D (e.g. in x,y (r and R in
Jacobi coordinates)) we use the 1D formula for each stripe in x for a given y and
vice versa for y for a given x values

— keep only those points that fulfil the requirements that the application of the
1D BS-formula leads to a solution in x- and y-direction

— advantage:
we do not create too many points for the grid mesh

the angles of the triangles are not too small

and practically no reduction of grid points has to be performed

Combination of FE and DVR
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— ABC-systems: three coordinates (Euler angles are integrated out analytically),
which are coupled more or less

— for Jacobi coordinates R, r, v at least in the reactant channel R and r are more
strongly coupled, so we solve the (R, r)- problem with FE (no separation Ansatz)
and describe the angular part by a discrete variable representation (DVR)

— potential is expanded in Legendre polynomials, so for each fixed angle v a 2D
solution using FE is performed
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Figure 60 H + Hs
[287], a-c):  Three
different discretizations
for the angles 0°,45°
and 90° are shown
(r,R =10,8] ag). The
discretization is based 3
on a contour plot of the r

potential with energies
E = 0.12, 0.05, 0.02, R

0.007 a.u.. d) A 90 ° 3 90°
)

contour plot for 90° J
|s.shown.. During the \ 7 d)\Cgmg
triangulation  process

some contours were

discarded.

)
AN ’
'74’5‘%%%%%%%%%%
N
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b)

O e oy oy g s it i
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Figure 7. H™ + Hs
[292], a-c):  Three
different discretizations
for the angles 0°,45°
and 90° are shown
( ’I",R — [078] (10).
The discretization is
based on a contour plot
of the potential with
energies £ = 0.3, 0.23,
0.2, 0.187, 0.12, 0.09,

45°

b)

L,

2
The first four energies ‘§§§§2?$§\.!4ﬂ'5ﬂ'5?'99'

match those of the H
+ Hs potential. d)
A contour plot for 90°
is shown. During the
triangulation  process
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Figure 8: H + Hs

[287], a-c):  Three (== A
different discretizations I Y ’

for the angles 0°,45° Pocc:

and 90° are shown

(r,R=10,8] ag). The

discretization is based

on the combined use of

the Bohr-Sommerfeld P RO degre), E0.13 ) B L (0 degres), p£oo.00
formula [20] in | | ’
one dimension : : 59
for » and R with 3 |
Frwe = 013 a.u..
d) A smaller range
for  triangulation s
shown for 0° and with
Eruw: = 0.08 a.u.

(collinear
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Close coupling solvers
see volumes of Miller 1976, Bernstein 1979, etc.

Authors: Lester, Johnson, Manolopolous, Allison, Mrugala, Secrest, Thomas et
al

R-matrix: Light et al, Trular et al
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11.6 Examples: ” Exact” calculations for H + Hs, F + H,, etc.

Some remarks to Jacobi coordinates and scattering applications

Some remarks to hyperspherical coordinates and scattering applications
see the review of Manolopolous and Clary

H+ H,

see: reviews Truhlar, Miller, etc. (Adv. Phys. Chem.)

original work before 1980: Kuppermann et al, Wyatt et al, Light et al

List of potential energy surfaces for H + Hs:

PK, LSTH, DMBE, BKMP, BKMP2
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New work on H + Ds:

see: Wrede, Welge et al
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Figure 9:  Selected o] 200 1= =
v',j  state resolved

DCSs in the CM
system for the H +
Do(v = Omj = 0)
— HD(v',j') + D
reaction [360].
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Figure 10: Composite
D-atom angle velocity
polar map of the H
+ Da(v = Omj = 0)
— HD + D reaction
at 2.2 eV collision
energy. The upper half
has been constructed
using the QM ', 4’
DCSs, whereas the
lower half corresponds
to the experimentally

deduced DCSs [360].
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Hyperspherical applications
F + H,

see: Manolopolous et al
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Figure 11: Quantum- - (@)

mechanical LAB | ’
frame angular 150 |
distributions for the F '
+ HD(v=0,=0) —
DF(v') + H reaction 50

10.0 |

at Feoy: (a) 1.35 and T R o

(b) 1.98 kcal mol™1, w00 '. ol
compared with the ®
results of the molecular o -
beam experiment 200 ]
[322].

LAB scattering angle / degrees
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25.0

Figure 12: As in | ' | &

Fig. 11, but for 200 F 1
F + HD(v=0,j=0) — ol '
HF(v') 4+ D reaction |
[322].
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The geometric phase effect in H + H,
see: Kuppermann et al
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Figure 13:
Degeneracy- summed
differential Cross
sections for the H
+ Hz (v=0,j=0) —
Hy (v'=0,=2) +H
reaction, at a total
energy of 0.7 eV, as a
function of scattering
angle. From Ref. [335]
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Figure 14: This figure Z
depicts two kinds of
semiclassical paths
which contribute to
exchange  scattering
amplitude for a
triatomic system ABC.
The dashed  path
partially encircles the
conical intersection
line, whereas the solid

one does not. From
Ref. [337]

A+ BC
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Figure 15: Degeneracy
summed GP and
GNP differential cross
sections for the H
+ D2 (VZO,jZO) —
HD (v'=0,j’) +D
reaction as a function
of total energy and of
the center-of -mass
scattering angle of the
HD product. From
Ref. [337]
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Miscellaneous
different hyperspherical applications: see Nakamura

spin-orbit effects in reactions: Schatz et al
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1.7 Summary

e variety of 'exact’ ways to solve the SE for three dimensional atom-diatom
reactions

e two leading approaches to quantum reactive scattering:
hyperspherical coordinate methods and variational methods

e based on the simultaneous use of mass-scaled Jacobi coordinates in each of the
chemical arrangements involved

e the two approaches are somewhat complementary
e both have already seen numerous important applications

e it is as yet unclear which will ultimately prove the 'best’ to use
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hyperspherical coordinate methods (HCM) provide a physical picture of
reactive scattering in terms of adiabatic hyperradial potential energy curves

(AHPEC)

* AHPEC correlate asymptotically with the bound rovibrational energy levels of
the reactant and product fragments

* HCM are useful for interpreting dynamical resonance effects

* HCM lead quite naturally to optimum angular momentum decoupling
approximations of the coupled states or 'centrifugal sudden’ form

Jacobi coordinate variational methods do not at present provide such a useful
physical picture of the dynamics

* somewhat more amenable to perturbation theory approximations of the
'distorted wave' type
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natural collision coordinate methods, which still give the most intuitive physical
picture of all, appear to be computationally intractable for the more demanding
reactions studied to date

e converged J = 0 and J # 0 reaction probabilities can now be obtained 'quite
routinely’ for a wide variety of atom-diatom reactions

e differential and integral cross sections can also be obtained at quite high
scattering energies (e.g. for all the deuterium substituted analogues of H +

Ho)

e cross sections for highly exoergic reactions with heavier atoms are still quite
difficult to obtain

e a large number of experimentally interesting reactions fall into this latter
category, the need for further methodological developments is clear
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other important problems:

e study of electronically non-adiabatic reactions

e description of subtle geometric effects caused by the conical intersection of
ground and excited electronic potential energy surfaces

e collision induced dissociation
e reactions involving polyatomic molecules

e but: potential energy surfaces and dynamics calculations appear at last to be
converging on a realistic ab initio quantum theory of reactive scattering
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11.8 Appendix

The body-fixed rotationally coupled Schrodinger equation

Separation of internal configuration space into arrangement channel
regions
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Figure 16: Vectors used to specify the location of the three atoms A, B, and C
relative to the center of mass 0. Gpc, Gac, and G4 denote the locations of
the centers of mass of the diatoms BC, AC, and AB, respectively.
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- three-dimensional collision of an atom A with a diatomic molecule BC and, B
plus CA and C plus AB collisions (A(= A,), B(= A), C(= A,) Fig. [16

- R,: from the center of mass of BC to A, t,: from B to C, |R,| — oo with
T.,| remaining finite: separated A4+BC arrangement channel «

- the arrangement of the vectors in Fig. [ is cyclic in the indices afBvy; Avu
represent any one of the cyclic permutations a(3v, 8ya and ya3

- scaled variables Ry, r) are related to Ry, ry by:

ry, = a)_\lr} (158)

R\ = a\r, (159)
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ax = (ftaun/ i) (160)
px vk = ma(my +mg)/(mx +my + myg) (161)

Uy = mymy/(m, + my) (162)

- convenient representation of the potential V' with Ry, 7y and 7\ (A = «, 3,7):

R
LMY << (163)

N = COS ~ ——— <
! ENEN

- V =V*(rx, Rx,7»)

- R, r), are useful for describing the triatomic motions only for configurations
in which R is significantly larger than, say, R, or R}
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- representation of V* in terms of variables & = (r? + Ri)l/Q,

2tan~1(ry/Ry) (in the 0 to 7 range), and 7y

Wy —

- range of v, in 3D: 0 to m, in 2D: 0 to 27

- three-dimensional internal configuration space: divided into arrangement
channel region subspaces A = a, 3,

- in region \ (for large &) R, is approximately equal to Z) and r is approximately
half of the distance of the point P(&,wy,y)) to the Z) axis

- Iin that region, Rj),7),7v\ are the "natural’ variables for describing the
translational, vibrational, and rotational motions of the three atoms, but these
same variables are both awkward and inefficient for representing the corresponding
motions in arrangement channels v and £

- we (Kuppermann) use Ry, 7,7\ in region A\ only
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- three additional external variables (which specify the orientation of the
instantaneous three-atom triangle with respect to a laboratory system) which will
also be different for different arrangement channel regions

- Kuppermann: solving the SE involves first the generation of solutions in each
of the three arrangement channel regions A\ = «, 3,7 in separate calculations
using variables appropriate to each region

- followed by a matching procedure which yields a set of smooth and continuous
solutions throughout all of configuration space

- then we (Kuppermann) need to linearly combine these " primitive” solutions to
generate ones which satisfy the desired asymptotic boundary conditions

- choice of boundary surfaces for H + Hs: three half-planes 7, ), 71, and m

- they are limited by and intersect on the OY), axis, m,, makes an angle G, (in
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the 0 to /2 range) with the OY,Z), plane:

R, 12 164
m>\—|—mk)(my—|—mk)) 6%)

cos OB\ = ((

mkM
mx + mg)(m, + my)

sin B = (; ) (165)

M =my+m, +my (166)

analogous expressions are valid for the angles between 7y, and OY,Z,, and
between myr and OY)\Z

these 7, surfaces (VA = af3, By, ya ) are called the matching surfaces

— Ralph Jaquet, University Siegen — 130



Partial wave analysis
coordinates specified by the index A: SE for the motions of the three nuclei

h2 v2_ B h2

2 A > A/ — SN
ke Qluykvr& + VA0 Ry, ) — E)U(r, Ry) =0 (167)

scaled coordinates:

h2
(_Z(V%A + VE—A) + VA(I')\, R,, ’}/)\) — E)\IJA(I'A, R)\) =0 (168)
= (NA,VXNVX)1/2 = [mamymy /(mx +my, + mx)]1/2 (169)

{4t is independent of the choice of arrangement channel
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Figure 17: Space-fixed coordinate system Oxyz and body-fixed systems OX,Y), 2

and Ox\y'z}. The origin O of this figure is the same as that of Fig.

— Ralph Jaquet, University Siegen —

16.

132



space fixed coordinate system Oxyz (Fig. [L7) centered on the center of mass O
of the triatom system:

axes are constantly parallel to the axes of a laboratory-fixed system of coordinates,
in Oxyz the polar and azimuthal angles of R and ry are 0y, ¢, and 0,.,, ¢,

L R L O B VA, Ry A )~ BB (s, Ry) = 0
21 R\ ORS g ) Or3 A 2pr? " 2uR> A LIA— A, YA xRy ) =
(170)

1, and j, usual orbital and rotational angular momentum operators expressed in
the spherical coordinates 0, ¢, and 0,.,, ¢,

total angular momentum operator J: independent of arrangement channel

J =14+ ] (171)
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J% and J, (the z component of J) commute with each other and with the
Hamiltonian H

partial wave analysis procedure: expansion of U*(ry, R) in terms of simultaneous
eigenfunctions ¥4, (rx, Ry) of J2,J, and H with eigenvalues h2J(J + 1), AM
and £

o0 J

UMNra Ry =) > Coyou(raRy) (172)
J=0M=-—J

U, (ry, Ry) satisfies170
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The body-fixed Schrodinger equation

e standard space-fixed theory (Arthurs and Dalgarno) expansion of \I@M in terms
of a set of simultaneous eigenfunctions of J% J.,13 and j3 thereby obtaining a
set of coupled equations in the quantum numbers j, and [

e alternative: transformation to a system of body-fixed coordinates (Pack)

e fully converged calculation: body-fixed and space-fixed formalisms lead to the
same number of coupled equations; for fully converged non-reactive atom diatom
calculations, they may be implemented with comparable ease

e body-fixed coordinate systems lead to an approximate decoupling of certain
degrees of freedom, which is not naturally present in the space-fixed analysis and
which is useful in the development of approximate theories

e body-fixed analysis leads to both computational and conceptual simplifications
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in the matching procedure, thus providing a considerable advantage in reactive
scattering calculations over the corresponding space-fixed theory (calculations in

the 1970ies)

e two body-fixed coordinate systems OX,Y)\Zy and Ox'\y'z} (see Fig. [L7):

(1) OX,\Y)\Z) is obtained from Ozxyz by rotating through the Euler angles
a = ¢y, =0y~v =0 so that the Z, axis points along the R, direction and the
Y axis lies in the xy plane

(2) Ox\y'Z) is obtained from OX,Y,\Z, by rotating it counterclockwise about
OZ\(= OZ%}) by an angle 15 (in the 0 to 7 range) so as to bring Oz, into the
Ry, plane and Oy’ (which is independent of \) perpendicular to it and oriented
In the direction of Ry X ry:

., RaXxry

— 17
Y |R)\ X I‘>\| ( 3)
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e Euler angles which rotate Oxyz to Ox'y’z" are o = ¢, B = 05,7 = Y

e in either of the body-fixed coordinate systems O XY, Z) or Ox',y'2} thevariables
used to describe the system are ry, Ry, dx, Ox, ¥x, V>

e 1) is the counterclockwise angle from OY) to Oy’ or from OX, to Oz as
viewed from the positive OZ) axis

e OY), is perpendicular to the OX,Z, plane and therefore the Ry, Oz plane, and
Oy’ is perpendicular to the Ry, r) plane

e 1) Is the angle between these last two planes

e the plane containing the three axes O X, Oz’ and OY), is perpendicular to the
R, vector and intersects the Ry, Oz and R, ryplanes along the OX) and Ox',
axes
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e the angle 1) between these two axes is equal to the angle between those two
planes

e a motion, in which Ry, ®x,0,, 7y and 7y, are kept constant but ) varies is a
"tumbling” (i. e., rigid rotation) of the triatomic system around the R vector,
and for this reason the ) angle will be called the tumbling angle

e most convenient: use the coordinate system OX,Y) 2, for deriving the coupled
form of the SE and Ox'y'z’ in developing the matching procedure

expansion of W%, in terms of the elements of the Wigner rotation matrix

D(a, 3,7):

Uip(ra, Ry) = Z Dirq, (@x,0x,0)W5q (2, Ra, a, ) (174)
Q=
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\Ifﬁg/\: body-fixed wavefunction

quantum number 2y:component of the total angular momentum J around R
or OZ,, 1\ (conjugate to R)) around this axis vanishes, ) specifies the 7,
component of the angular momentum 5, in the body-fixed frame

e Jz, or j,, are the tumbling angular momentum (since it describes the
tumbling of the triatom round R ) and €2y as the tumbling quantum number in
arrangement channel A

e substitution of 174 into 170 yields the following set of (1) -coupled equations
for the \I@QA(T,\, Ry, Y, ¥n):

Hy) ‘I’JQA + HQA,Qﬁ—l\IjJ Q1 T Hm,QA 1‘I’JQA 1= EQ?QA (175)

282
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Hé;\ o - elements of a tridiagonal H-operator matrix H7(ry, Ry, Y, U2
A

JA __h2(1 0” 1 82]{)
Oy, — 2“ o 873\ R)\ 8R2 A
-2
I 2 . ) A
1)h* — 2Qx\~Ajxz Ry, 1
2 T zuRi[J(J+ ) Mijrzy £ G5+ VA 1) (176)
h .
HQ,\,QAil 2MR§\ VI +1) — (2 £ 1)j¥ (177)

jy: lowering (-) and raising (+) operators of jy in-the body-fixed OX,Y)\Z,
coordinate system

defining ¥4 as the (202 + 1) dimensional column vector whose elements are the
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\IfﬁQ/\, 175 can be put in the matrix form (body-fixed partial wave SE)

H/\) = EU) (178)
kinetic energy operator is no longer diagonal in the body-fixed representation and

is the mechanism which couples different quantum numbers €2

the potential coupling is diagonal in €2, and is responsible for coupling between
states of different vibration rotation quantum numbers vy, 7

this separation of kinematic and potential coupling is of prime importance in the
development of approximate decoupling procedures
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Table 1. Angular momentum operators in space-fixed and body-fixed coordinate
systems “
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0
m(_szne 96 + cos@aqp)

Jr = —ih(— cos ¢ cot 986¢ JX)\ =
—sin g5 + o Zf%)
Jy = —ih(— smqbc t 9% JYA = zﬁﬁae
ooy + S5
N\ = —ih[cos ¢ sin O 4 sin ¢ sin 1) cot ~y j>\X>\ —ih(— cos v cot fy%
—cosqﬁcos@coswcot'y)adj _qu’bav)
—(51n¢cos¢—|—cos¢cos€sm7,b)8 ]
j)\y = —ih[(sin ¢ sin @ — cos ¢ sin ) cot y j)\YA = —ih(— sin 1 cot vaw
—SquﬁCOSQCOS’tL’COt’Y@w —i—coszb%)
+(cos ¢ cos Y — sin ¢ cos 0 sin 1/1)8 ]
Jry = —ih[(cos 6 4 sin O cos v cot 7) % j)xZ)\ = ih%
+s11’1981r11/)8 ]
Ji=  Ji+Jp+ J2 J? = J%)\ + J%//\ + J%/\
= —h2[880 + COt0880+ —ihcot JY)\
( 82 ) — 2cosf 82 ]
Sll’l2 0 3¢2 2 sin 92 0pOY
2 2 _ 2 -2 -2
_ Ralph Jaquet, University Siegen — 7% = JAXA T J,\YA T 3>\Z>\ INT Xy Ty, TIxzZ,
2
2,0 0 1
R4 (9" o 0L
(872 +eo 787 * sm2 8¢2)
Iy = Ixzdztixgdz +ixyJy Ird = INZ\TZy T IxX\IX

O

Jac’A -



(a) The subscript A has been omitted from the symbols 6, ¢, v, 1 The expressions
for J2, 7% and j)\J in terms of 0, ¢,v, 1 are independent of coordinate system.
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The rotationally coupled Schrodinger equation; tumbling - decoupling

approximations

e expansion of the body-fixed wavefunctions \IJ§Q in spherical harmonics

Y., (7x, ¥a) (eigenfunctions of j3 and j,,):

A

\IJJQ)\(T>UR>\7/}/)\7¢A Z Y])\Q)\(VA7?7D)\)ij>\Q)\(T)\7R>\)

e substitute this into 175

over v and ¥ ( volume

— Ralph Jaquet, University Siegen —
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Oy =—J..+JJ=0,1,2, ... (179)

, multiply throughout by YJ?EQ, (vx, ) and integrate
AT
element sin vy dvydiy) finally interchange the primed
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and unprimed quantum numbers, a SE in the two scaled distances 7y, R:

©.@)
Jj A A A
(o, — B)wija,(ran R+ ) Vil W, Ba) +

35=192,1

JAIN A JAIxn A o
tQ&QH-lejA/QAJrU(r)" Ry) + tQA—lejA,QA—1(7“>\7 Ryx) =0 (180)

J=0,1,2...; Q=—J,..+J; j\= |Q)\|,|Q>\|—|—1,...

- h, 1 02 1 0? iA(jx + 1)R?
TGy PAWP)
t = — R —
mi = " mam Bt e ™ T T s
h2
1) — 292 + 45 (jr + 1 181
Q[LR%\[J(J+ ) N F a0 + 1) (181)
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2
TNjx h

Loy nt1 = —m&(l Q)€+ (Ja, ) (182)
Ex((, ) = [J(J+1) = Qa(Qa = D2, 125 < J (183)
‘/ji?i\A(TA7 Ry) = (AAVA(ra, Ra, v 1570 (184)

e for systems confined to a space-fixed plane €2, does not appear (or it can be
considered to have the fixed value zero) since the system does not tumble, and
there is therefore no {2, coupling

e in that case, 7, assumes all integer values, including negative ones, and there
is one set of 7, coupled equations for each J

e in the present three-dimensional case there is both 7, and €2y coupling, but still
no J coupling
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e kinetic energy matrix t7*(ry, Ry) (which includes the centrifugal potential
terms) and a potential energy matrix V*(ry, R)) whose rows and columns are
scanned by the indices jy, 2y and 73, Q):

Q! JNj
(tJA);iQi ]>\~7>\ Z 59)\9/ tQ/ ?2>\>\—|—7, (185)
1=—1
./ Q’
(VA = by V2% (126)

t’/* is diagonal in j (and tridiagonal in €,), V* is diagonal in €2,

e defining w}(ry, Ry) as the column vector whose elements, scanned by j,

are the functions wﬁjAQA(m, R)) 180 can be rewritten as

(t'* + VMHw) = Bw} (187)
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e 187 shows clearly that the potential coupling is diagonal in 2

e this, along with the weakness of the centrifugal coupling (due to the terms
in t/* of angular origin) for small J and jj has lead to the development of
fairly accurate tumbling-decoupling approximations by several workers in studies
of non-reactive atom-diatom scattering

e in such procedures, the I terms in (180 and [185 are neglected, thereby
Oy, +1

making [L87] be diagonal in 2

e in addition, the h*/2uR3 term in

181

[which arises from the I3 term in

usually replaced by an approximate expression

170] is

.o Pack replaces it by h?J(J + 1)/2uR3 and McGuire and Kouri by h2l5(1y +
1)/2uR3, with [y in space-fixed system

e reactive scattering: an {2 decoupling requires neglect of the ¢

— Ralph Jaquet, University Siegen —
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for each arrangement channel region A = «, 3,7

e the potential coupling matrix of 184 and (2.26) may be conveniently calculated
by expanding the potential V*(ry, Rx,7,) in a series of Legendre polynomials

VA(ra, Ry, 1) = ) Vi (ra, Ra) Py(cos 7x) (188)
k=0

substituted into 184

0

j 27, +1 . .
VI, Ba) = D (5220 (ks Q@202 C (ks 000) VA (ra, Ry)
A o <D +1

(189)
C: Clebsch-Gordan coefficients

e for collisions of an atom with a homonuclear diatomic molecule (as in H + Hs),
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the only nonzero terms in [L88 occur for even k [since V*(ry, Ry, v») is symmetric
about vy = /2 |

C(jrkjy;000) =0 for j) + k + j) = odd (190)

V* does not couple even with odd rotational states

189 involves a single sum over products of Clebsch-Gordan coefficients, a
substantial simplification over the corresponding space-fixed expansion which
requires 6-j symbols

define a new function F3; o (7, R»):

Fj\jAQA(TA?RA) — R/\TkwﬁjAQA(TkaRk) (191)
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substitution into 180:

J>\j>\ AQA b\ J)\jA A J)\jA A L
(tayo, —E)F JNWFZ Vil Fanaatta ot T e tla o, -1 550,-1 =0

(192)

FIN _ h? 0 0% px+ DR R

= —5 (352 1) — 2932 + j5x(j
A A A A

(193)

In matrix form:
(t/*+ VMF? = EF? (194)

A

t/* is defined similarly to t/* and F'3 similarly to w)

e 192 and [194 are called the body-fixed rotationally coupled SE
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Angular momentum operators and the Schrodinger equation in space-fixed
and body-fixed coordinate systems

Relations between the rotational and total angular momentum operators in the
space-fixed and body-fixed coordinate systems

e space-fixed coordinate system Oxyz:

in terms of the variables ¢,.,,0,,, ¢, and 0, components of (ix)

s,
N 1
JA t Oy, (195)
e = —th(— cos ¢, cot 6 9 sin ¢ i) (196)
.])\CE T T\ ’I“AangA T,\aerA
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0

0
r}\% -+ COS gbr)\@e—r)\) (197)

Jry = —th(sin ¢, cot 6
similar expressions for the components of 1 with ¢y, 6, substituted for ¢,,, 0.,

components of J: J =1, + ja

- the eigenfunctions j% and [% in [L70 (and also of j), and [, ) are the spherical
harmonics ijh(ﬁm),qbrA and lemz/\(ekﬁk)

modified associated Legendre function ijj:

m |m] (7 —|m;125+1 1/2 (=1)™ m; >0
P 0) = P 0 198
J (c0s 6) J (cos )(j—|— m;|)! 2 )X 1 m; <0 (198)

P}mﬂ: associated Legendre function
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spherical harmonic Y}, :

o 73;-”‘7 (cos ) (199)

space-fixed formalism of Arthurs and Dalgarno:

}/}mj (97 ¢) —

full wavefunction is expanded in terms of a set of functions yi{\{;f(e,\, Dx; Ory s Pry ),

which are simultaneous eigenfunctions of J2,J,,1% and j3

yﬁf are related to the Y . and Y}, my, via

pRLULY

VI O3, 0302 0r) = D CUNNTimymi, M)X Y, (Bry b)) Yigm,, (O, 62)
My MMy

(200)
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full space-fixed wavefunction:

\IJJM(I.Aa R)x

space-fixed coupled SE for Gi‘%

R? 1 0°?
— R
2M(R,\8R§ T
Iy + 1)7?
— E|GJM
2,uR§\ | Il

ZylAJA Ox: Px; TA’¢7">\)GJAZ)\(T>\7R>\)

BV

1 0?2 ) ix(jx + 1)A?
——— 1P
T\ (97“/\ 2,u7“§

(201)

(202)

Transformation to the body-fixed coordinate systems OX,\Y,\Zy and Ox\y'z}
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e a convenient representation of angular momentum operators in these coordinate
systems involves choosing the operators J and j) as independent and expressing
the I3 of 170 by the expansion:

15 = |J =i = J%55 — (Jja + 50 (203)

e to convert the operators j, and J, and thus the Hamiltonian of I70 to the
body-fixed systems requires first a change from the variables 0y, ¢y, 0, ¢, to
O, O, Yr, W, followed by successive rotations of the components of the operators

e rotational transformations: using the general expression

Jy = R(aBy) " JLR(aBy) (204)
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Ji: k*h component of J in an initial system and
R(O&B’Y) _ e’iq/Jz/heiﬂJy/heiaJZ/ﬁ (205)

Ji: k' component of J in a transformed coordinate system, which is obtained
through rotations by Euler angles a3y from the initial system

see Table 1 for the resulting components of the operators J and j»

in terms of the coordinate system OX,Y)Z, the Hamiltonian of I70is :

2 1 02 1 92 32
H=-— Ry+ —— 2
2,u(R>\ OR3 AT T\ 87“?\“) i 2ur3 i
[J2 43 —2iazsJz, — Gx JT + 55T+ VA (ra, R, 7a) (206)

2R3
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e in order to express the SE in OX,Y),Z) coordinates, the wavefunction is rotated
according to [L74]; substituting this expression, along with 206 into 170, and using

JF Do, = RJ(J + 1) — QA F D]?Dira, 51, (207)

(+: components refer to the body-fixed system)
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coupled equations for the \I!}QA:

h 1 02 1 9?2 2
Ry + ——=57r)) + /2

B [Q/L(RAaR%\ 7“)&97“?\

Q,MRg\ [J(J + 1)h2 + ]i — QFLQ)\jAZA] + VA(’I“)\, R, ’)/A) — E]\Ifﬁgk

h

21 R3
h

21 R3

[J(J+1) — (0 + D)V 00 g 1 —

[J(J+1) —Qx(Q — 1)]1/2]-;\1,3%_1 =

Y 0, (7x, ¥n): rotational eigenfunctions in OX,\Y)\Z),
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e rotationally coupled body-fixed solutions analogous to 201

\IJJM<I'>\7R>\ Z DMQ ¢>\79>\7 ) ]AQA<,Y>\7w>\)w§g>\Q>\(T>\7R>\) (209)

In$2n

( combination of 179 and [174)

e the body-fixed and space-fixed representations are related :

Dira, (6x,0x,0)Yj,0, (72, ¥x) =

Am )1/ - JM ,
2J.|_ 1 / Z PG Jiglg Sy = Q\0) V51, (Ox, da; 0 0ry)  (210)

e 210 is of great utility in the asymptotic analysis
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