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II.1 Introduction



II.2 Linear algebraic variational approach with Jacobi coordinates versus
propagation methods with hyperspherical coordinates

Hulthén-Kohn variational principle

• oldest variational method for scattering problems: introduced by Hulthén (1944)

• four years later: Hulthén and Kohn developed independently the Hulthén-Kohn
variational principle (HKVP)

• Rayleigh-Ritz method combined with boundary conditions for the scattering

• two other famous variational principles: Schwinger and Newton, where matrix
elements with Green’s functions are needed; these are more difficult to calculate
and are collision energy dependent

• in the HKVP just matrix elements of the Hamilton operator are needed
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• the problem of the HKVP: it is not invariant with respect to the choice of
boundary conditions, leading to problems with pseudo resonances

• using stationary wave boundary conditions for the calculation of the K-matrix
and calculation of the scattering matrix from the K-matrix with S = (1 +
iK)(1− iK)−1 leads to different results as calculating the same S-matrix by using
incoming and outgoing wave boundary conditions

• S-matrix version of the HKVP was developed by Miller and Jansen op de Haar
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Variational principle for scattering
derivation of HKVP: potential scattering with V (R), R: translational coordinate

radial SE (~=1, m=1):(
d2

2dR2
− l(l + 1)

R2
− V (R) + k2

)
Ψl(R) = 0 (1)

k2 = E (2)

Ψl(R) is regular at the origin:

Ψl(0) = 0 (3)

asymptotic form:

Ψl(R) ∼ sin(kR− lπ
2

+ ηl) (4)
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ηl: exact phase-shift

functional defined as:

Il =
∫ ∞

0

Ψ̃l(R)LΨ̃l(R)dR (5)

L =
(
d2

dR2
− l(l + 1)

R2
− V (R) + k2

)
(6)

– trial wavefunction Ψ̃l(R) (approximation for the exact wavefunction Ψl(R) )
(fulfills (3 and 4) with the chosen phase shift η̃l

– the functional Il is 0, if the Ansatz for Ψ̃l(R) is equal to the exact wavefunction
Ψl(R)
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– varying the wavefunction by δΨ̃l(R) a new function is obtained

Ψ̃l(R) = Ψl(R) + δΨ̃l(R) (7)

δΨ̃l(R) fulfils the boundary conditions:

δΨ̃l(R→ 0) = 0 (8)

lim
R→∞

δΨ̃l(R) ∼ cos(kR− lπ
2

+ δη̃l) (9)

with (7) in (5) one gets for the variation of the functional δIl in first order

δIl =
∫ ∞

0

δΨ̃l(R)LΨl(R)dR+
∫ ∞

0

Ψl(R)LδΨ̃l(R)dR (10)
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partial integration for the second integral in (10):∫ ∞
0

Ψl(R)LδΨ̃l(R)dR =
∫ ∞

0

δΨ̃l(R)LΨl(R)dR+
[
Ψl(R)

d

dR
δΨ̃l(R)− δΨ̃l(R)

d

dR
Ψl(R)

]∞
0

(11)
variation of the functional:

δIl = 2
∫ ∞

0

δΨ̃l(R)LΨl(R)dR+
[
Ψl(R)

d

dR
δΨ̃l(R)− δΨ̃l(R)

d

dR
Ψl(R)

]∞
0

(12)

use of the boundary conditions (3, 4, 8) and (9) for Ψl(R) and δΨ̃l(R) in the
second part of (12):

δIl = 2
∫ ∞

0

δΨ̃l(R)LΨl(R)dR+ kη̃l (13)
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under the condition that Ψl(R) fulfils (1):

δIl = kη̃l. (14)

one defines a new functional:

J = Il + kηl (15)

with the exact wavefunction the functional is stationary (Il = 0)

the exact phase shift is calculated from the stationary values of the functional in
(15)

in general the exact wavefunction is not known, one uses Ψt(R), which depends
upon (n+1) parameters and fulfils the conditions in (8 and 9)
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plugging the wavefunction into (15), perform differentiation, integration one gets
the functional J depending upon (n+1) parameters ci, ηl:

∂J

∂ci
= 0 i = 1, 2, ..., n

∂J

∂ηl
= k (16)

approximate values for the phase shift are calculated by putting Ψ̃t(R), with
parameters from (16), into (15)

for the asymptotic boundary conditions for the trial wavefunction one can use
also other relations:

Ψ̃l(R) ∼ cos(kR− lπ
2

) + cot η̃lsin(kR− lπ
2

) (17)

Ψ̃l(R) ∼ sin(kR− lπ
2

) + tan η̃lsin(kR− lπ
2

) (18)
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finally, one gets for the functional in (9):

J = Il + k cot ηl (19)

J = Il + k tan ηl (20)

• (20) is the original formulation of Kohn

• the formulation in (19) (Hulthén) is called also the inverse Kohn-method
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S-matrix version of the Hulthén-Kohn- variational principle
formulation in 1D: trial functions with incoming and outgoing wave boundary
conditions

Ψ̃(R) = −u0(R) + u1(R)S̃ +
N∑
i=2

ui(R)ci (21)

incoming wave:
u0(R) = v−1/2e−ikR (22)

v = ~k
µ :asymptotic velocity, wave vector k = ~

√
(2µE), v−1/2 defines an unit

flux for the incoming wave

regularisation of the wavefunction with

u0(R) = f(R)v−1/2e−ikR (23)

f(0) = 0 and f(R) = 1 for R→ ∞, the second term in (21) is a product of the
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outgoing wave

u1(R) = f(R)v−1/2e+ikR (24)

and the approximate S-matrix S̃

third term in (21) defines a set of N square-integrable L2- basis functions within
the interaction region with variational parameters ci

variation of the trial wavefunction:

Ψ̃(R) = Ψ(R) + δΨ̃(R) (25)

δΨ̃(R) = u1(R)δS̃ +
∑
i

φiδci (26)
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and plugging into the functional in (5):

∫ ∞
0

Ψ(R)LδΨ̃(R)dR =
∫ ∞

0

δΨ̃(R)LΨ(R)dR−~
2

2µ

[
Ψ(R)

d

dR
δΨ̃(R)− δΨ̃(R)

d

dR
Ψ(R)

]∞
0︸ ︷︷ ︸

Int

with δΨ̃(R) (26) and Ψ(R) (21) into the second part of the integral:

Int =
(
−~

2

2µ

)[
−δS̃u0(R)

d

dR
u1(R)+u1(R)

d

dR
u1(R)δS̃S̃+

d

dR
u0(R)u1(R)δS̃−u1(R)

d

dR
u1(R)S̃δS̃

]∞
0

= (−~
2

2µ
)δS̃

[
−u0(R)

d

dR
u1(R) +

d

dR
u0(R)u1(R)

]∞
0

the part within the parenthesis of the last equation in (27) is (−2ik/v)
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for the variation of the functional:

δIl = 2
∫ ∞

0

δΨ̃(R)LΨ(R)dR− ~
i
δS̃ (27)

define a new functional J :

J = S̃ +
i

~

∫ ∞
0

Ψ̃(R)LΨ̃(R)dR (28)

in Dirac notation (the ’bra’ is not taken complex conjugate)

J = S̃ +
i

~

< Ψ̃l(R)|Ĥ − E|Ψ̃l(R) > (29)

δJ =
2i
~

< δΨ̃(R)|Ĥ − E|Ψ̃(R) > (30)
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variational conditions are now

δJ = 0 (31)

if the trial function Ψ̃(R) is the exact wavefunction and therefore the solution of
(H − E)|Ψ(R) >= 0, the S-matrix is S = S̃ = J

• we get the S-matrix version of the HKVP as

S = ext

[
S̃ +

i

~

< Ψ̃(R)|Ĥ − E|Ψ̃(R) >
]

(32)

with (21) into (32):

S =
i

~

ext[< u0|Ĥ−E|u0 > +
N∑

i,i′=1

cici′ < ui|Ĥ−E|ui′ > −2
N∑
i=1

ci < ui|Ĥ−E|u0 >]
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< u0|Ĥ−E|ui >=< ui|Ĥ−E|u0 > < ui|Ĥ−E|ui′ >=< ui′|Ĥ−E|ui > (33)

for i, i′ = 2, N and

< u0|Ĥ − E|u1 >=< u1|Ĥ − E|u0 > −i~ (34)

for i, i′ = 1

for the calculation of the coefficients ci we perform the variation of (33) as

∂S

∂ci
= 0, i = 1, ...N (35)

• from this we get a set of N linear equations, which can be solved by matrix
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inversion, the result is put back into (33) and for the S-matrix follows

S =
i

~

[< u0|Ĥ−E|u0 > −
N∑

i,i′=1

< ui|Ĥ−E|u0 > (< ui|Ĥ−E|ui′ >)−1 < ui′|Ĥ−E|u0 >]

or in matrix notation:

S =
i

~

(M00 −MT
0 M−1M0) (36)

M00 =< u0|Ĥ − E|u0 > (37)

(M0)i =< ui|Ĥ − E|u0 >, i = 1, ..., N (38)

(M)i,i′ =< ui|Ĥ − E|ui′ > i = 1, ..., N (39)
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• in order to simplify the time-consuming inversion of the complex matrix, it is
better to separate out the real and imaginary part in (36); this has been done
with Feshbach partitioning:

S =
i

~

(B−CT (B∗)−1C) (40)

B = M00 −MT
0 M−1M0 (41)

C = M10 − (M∗
0)TM−1M0 (42)

M1,0 =< u∗0|Ĥ − E|u0 > (43)

• in this S-matrix formulation there are no so-called Kohn-anomalies (found in
the K-matrix version of the HKVP)

– Ralph Jaquet, University Siegen – 18



if the condition

det|M| = 0 (44)

is fulfilled, then in (40) singularities may occur, which result from Siegert
eigenvalues (physically correct singularities of the S-matrix for complex energies,
they characterise energies and lifetimes of resonances (E − iΓ/2))

– in the scattering calculations the collision energies are real, and resonances will
not occur in the S-matrix

K = −2
(
M00 −MT

0 M−1M0

)
(45)

S = (1 + iK)(1− iK)−1 (46)

– whether one gets problems with singularities depends on the boundary

– Ralph Jaquet, University Siegen – 19



conditions of u0 and u1 for the K-matrix:

u0(R) ∼ v−1/2sin(kR) u1(R) ∼ v−1/2cos(kR) (47)

– now u1 is a real function and M is a real matrix, with real eigenvalues; for
some real values of the collision energy E we get singularities in (45)

elastic scattering: the S-matrix is just a number

S = exp(2iη) (48)

– Ralph Jaquet, University Siegen – 20



Multi-channel formulation: general aspects

Sn2,n1 = ext[c1n2n1 +
i

~

〈Ψ̃n2|Ĥ − E|Ψ̃n1〉] (49)

Ψ̃ni(R): trial wave function (regular at R = 0) with the asymptotic form (for
R→∞)

Ψ̃E
ni

(R, {q}) =
∑
n

(−u0ni(R)δnni +
N∑
l=1

uln(R)cln,ni)φn({q}). (50)

R: translational coordinate, {q}: coordinates of all internal degrees of freedom
with the channel eigenfunctions {φn({q})}

• this is the multichannel formulation for Ψ̃(R, {q}) which can be used for elastic
(without {q} and φni), inelastic and reactive processes (with introduction of the
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indices 1,2 for the arrangements A + BC and AB + C in the collinear case)
– {uln(R)}, l = 2, .., N is a square integrable basis set
– u0n(R) and u1n(R) have the properties of incoming and outgoing waves, which
can be ”free” functions (the special form depends on the dimension of space to
be included) or distorted functions
– in order to regularize u0n and u1n (u1n = u∗0n), they are multiplied by a cutoff
function f(R)
– in case of collinear reaction one chooses

u0n = f(R)e−iknRv−
1
2

n , vn =
~kn
µ
, kn = (

2µ(E − En)
~

2
)

1
2f(R) =

1
2
{1 + tanh[α(R−Rα)]} (51)

– stationarity of (49) with respect to the expansion coefficients clni,nj (in (50))
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leads to the matrix equation

S =
i
~

(B−CTB∗−1C) (52)

S,B and C: matrices of the size of the number of open channels

B = M00 −MT
0 M−1M0 (53)

C = M10 −M∗T
0 M−1M0 (54)

(M00)nn′ = 〈u0nφn|Ĥ − E|u0n′φn′〉 (55)

(M10)nn′ = 〈u1nφn|Ĥ − E|u0n′φn′〉 (56)

(M)ln,l′n′ = 〈ulφn|Ĥ − E|ul′φn′〉, l, l′ = 2, .., N (57)

(M0)ln,n′ = 〈ulφn|Ĥ − E|u0n′φn′〉, l = 2, .., N (58)
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– the translational functions in the bra symbols in (55,56) are not the complex
conjugate ones, n: collective index of all internal quantum numbers

• the main numerical effort in this scattering method is the calculation of matrix
elements

– those in (55,56,58) have to be recalculated for each energy

– the matrix elements of the Hamiltonian and the overlap matrix over the basis
ulφn, l ≥ 2, in (57) have to be calculated only once, but the inversion of M has
to be repeated for each energy

• in our work the wavefunction (ulnφn, l ≥ 2) is built up from FE-functions in
the interior region and analytical functions (uln, l ≤ 1) in the asymptotic region
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– we first solve the eigenvalue problem within FEM in 2D, resp. 3D

(ΨFEM |Ĥ|ΨFEM) = E′(ΨFEM |ΨFEM) (59)

up to a maximum eigenvalue Emax or up to a finite number of eigenfunctions,
which are then used as a new orthogonal basis for calculating the matrix elements
in (57) and (58)

– the inversion of the large matrix M for different collision energies is then just
the inversion of the diagonal elements

• in order to reduce the size of the matrices in (53 - 58), different polynomial
orders for finite elements and different potential adapted basis sets have been
tested
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S-matrix version of the HKVP: 3D formalism
atom-diatom system with three arrangements α: (A + BC, B+ AC, C + AB)
(Rα,qα, arrangement α)

φαn:asymptotic internal eigenfunctions of Ĥα with asymptotic potential energy
vα for this arrangement:

Ĥα = Ĥ − [− ~
2

2µα
1
Rα

∂2

∂R2
α

Rα]− V + vα, vα = lim
Rα→∞

V (60)

αn: complete set of quantum numbers which characterize the channel. u0αn(Rα):
asymptotically incoming translational function for channel αn

lim
Rα→∞

Rαu0αn(Rα) ∼ v−1/2
αn e−i(kαnRα−(π/2)lαn) kαn ≡ µαvαn =

√
2µα(E − εαn)/~

kαn and lαn: wave vector and orbital angular momentum for the channel αn;
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u0αn(Rα) and u1αn(Rα) as before

expansion of the scattering wave:

Ψα1n1 =
∑
αn

φαn(qα)[−u0αn(Rα)δαα1δnn1 +
N∑
t=1

utαn(Rα)ctαn,α1n1] (61)

α1n1: initial channel, ctαn,α1,n1: variational parameters

asymptotic form of the wavefunction

lim
Rα→∞

RαΨα1n1 ∼
∑
αn

φαn(qα)v
−1/2
αn ×[−e−i(kαnRα−(π/2)lαn)

δαα1
δnn1+e

i(kαnRα−(π/2)lαn)
Sαn,α1n1]

(62)

qα: for a given arrangement qα = (rα, R̂α) with rα as the relative diatomic
coordinate vector
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n: (vjlJM), (v,j): vibrational and rotational quantum numbers of the atom relative
to the diatom, l: orbital angular momentum of the atom relative to the diatom,
(J,M): total angular momentum and its projection onto a space fixed axis, the
matrices are diagonal in J and M

channel eigenfunctions φαn:

φαn(qα) = φ
JM
αvjl(rα, R̂α) =

(
2J + 1

8π2

)1/2

(−1)
j+M

fvj(rα)
∑
k

C(jJl; k,−k)Ψjk(γα)D
J
Mk(A,B,Γ)

(63)

fvj(rα): diatomic vibrational eigenfunction, C: Clebsch-Gordan coefficients,

Ψjk(γα): associated Legendre polynomial, γα: angle between rα and R̂α, DJ
Mk:

Wigner rotation matrix

– the matrix elements of (Ĥ − E) between typical basis functions
utα(Rα)φJMαvjl(rα, R̂α) are evaluated as usually
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– Euler angles (A,B,Γ). are integrated out analytically, rest is done numerically

• general expression for the matrix elements is

(M)Jt′α′v′j′l′,tαvjl =< ut′α′φ
JM
α′v′j′l′|Ĥ − E|utαφ

JM
αvjl >=

(−1)j
′+j
∑
k,k′

C(j′Jl′; k′,−k′)C(jJl; k′,−k)

×
∫
dτut′α′(Rα′)fα′v′j′(rα′)Ψj′k′(γα′)dJk′k(γα′α)R−1

α

×[− ~
2

2µα
d2

dR2
α

+
~

2l(l + 1)
2µαR2

α

+ εαvj + V − vα − E]R−1
α utα(Rα)fαvj(rα)Ψjk(γα) (64)

dτ : three-dimensional volume element (dτ = r2
αR

2
α sin γα drαdRαdγα)

γα′,α: angle between the two vectors R̂α′ and R̂α
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εαvj: rovibrational eigenvalues of potential vα

µα: translational reduced mass for channel α

– integration variables can be chosen in a variety of ways

because we do the scattering calculations (reactive and non reactive) only with
one Jacobi coordinate, the angle γα′α is identically zero:

dJk′k(γα′α)→ dJk′k(0) = δk,k′, (65)

(64) reduces to a single sum

no exchange matrix elements, those with α′ 6= α

(64) applies for t and t′ = 0 or 1: ”free” translational function, for M00, M10,
M0
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for L2 functions: t, t′ > 2 for the matrix M.

u0αvjl(Rα): spherical Hankel functions

– regular and irregular parts multiplied with different cut-off functions (f1, f2)

Rαu0αvjl(Rα) = v
−1/2
αvj (kαvjRα)× [f1(Rα)nl(kαvjRα)− if2(Rα)jl(kαvjRα)]

jl and nl: regular and irregular spherical Bessel functions
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3D potential adapted basis functions from 3D eigenvalue calculations

– solution of the 3D eigenvalue problem (interior region of the ABC -system)

– general formalism introduced by Sutcliffe et al.

• body-fixed Hamiltonian:

Ĥ = KV +KV R + V (r,R, γ) (66)

V : electronic potential, KV and KV R include different vibrational (V ) and
rotational (R) terms

• symmetrized angular basis functions:

|j, k >= 2−1/2(1+δk0)−1/2[Ψjk(γ)DJ
Mk(A,B,Γ)+(−1)pΨj−k(γ)DJ

M−k(A,B,Γ)]
(67)
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the total parity is given by (−1)J+p with p = 0 or 1 for e or f states, respectively

• effective kinetic energy operator (J = 0):

KV = δj′jδk′k

[
− ~

2

2µ1

∂2

∂r2
− ~

2

2µ2

∂2

∂R2
+
~

2

2
j(j + 1)

(
1

µ1r2
+

1
µ2R2

)]
(68)

µ1 and µ2 are the usual reduced masses in Jacobi coordinates

• Ansatz for the wavefunction of EJl :

ΨJ
l =

∑
k

∑
jmn

dJlkjmn|j, k > |m > |n > (69)

– radial basis functions for r and R (|m > |n >)
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– symmetrized angular basis functions (|j, k >)

• FEM: instead of |m > |n > a new set |mn > (no separation in r and R)

homonuclear diatomics: wavefunction is symmetric or antisymmetric with respect
to interchange of the like atoms, j even and odd are symmetric and antisymmetric

• we start with the 2D solution in r and R: for a given angle γ

Ĥ(r,R) = KV +KV R + δk′k < j′, k|V (r,R, γ)|j, k >γ (70)

– appropriate angular functions

|j, k >= Ψj,k(γ)|J,M, k > (71)

|J,M, k >: total angular momentum eigenfunctions
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• transformation of the Hamiltonian of (70) to a discrete variable representation
(DVR) in γ:

HDVR = TTH T (72)

T kjα = ω
1/2
kα Ψjk(γkα) (73)

γ
k

and ωk: points and weights of an N-point Gauss-associated Legendre
quadrature points of order k

• contribution due to the potential, which is diagonal in the DVR:

N+k−1∑
j,j′=k

T kj′α′ < j′k|V (r,R, γ)|j, k >γ T kjα ' δαα′V (r,R, γkα) (74)
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• angular off-diagonal contributions:

Lkαα′ =
N+k−1∑
j=k

T kj′α′j(j + 1)T kj′α (75)

• resulting J = k = 0 effective radial Hamiltonian:

Ĥαα′ = δαα′

[
− ~

2

2µ1

∂2

∂r2
− ~

2

2µ2

∂2

∂R2
+ V (r,R, γkα)

]
+
~

2

2

(
1

µ1r2
+

1
µ2R2

)
L0
αα′

(76)

– Ralph Jaquet, University Siegen – 36



Strategy:
(1) solve the effective radial Hamiltonian for each α on the DVR grid by using
finite elements

(2) lowest solutions, selected either by number or energy cut off, are then used
to construct a full 3D Hamiltonian matrix which is diagonalised to yield the
eigenenergies and values for the wavefunctions at the DVR grid points

– with permutation symmetry of like atoms as in AB2 systems:

Lkqαα′ = 2
N/2+k−1∑
j=k

T k2j+q,α′(2j + q)(2j + q + 1)T k2j+q,α q = 0, 1 (77)
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Distorted waves
• reduction of computer time:

– reduce the number of basis functions in the interaction region

– reduce the number of functions in the asymptotic region

• idea: solve first the inelastic problem with a close-coupling method
(Groenenboom et al) and coupling with FE

CC-method: wavefunction χj(R, r, θ) is expanded in basis functions φi(r, θ) for
each scattering channel, which describe rotation (ji) and vibration (vi) along the
reaction coordinate R

system of coupled equations for the translational matrix function Uij(R)

solution by a propagation method (renormalized Numerov method)
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separation of the different arrangement channels: distortion potential in the area
R < Rmax

two different distortion potentials: two different solutions

linear combination of the distorted inelastic waves: to get incoming and outgoing
waves for the HKVP

inelastic waves fulfil SE in the area R =∞→ Rmax

close-coupling solutions overlap with the L2-basis functions
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Figure 1:
Separation of
the potential area
into parts for the
L2 basis functions
and the plane or
distorted waves
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Advantages:

• We do not need cut-off functions any more. The distorted wave automatically
describe the boundary conditions at R = 0.

• Reduction of the area for the L2 basis functions.

• (H − E) operating on the distorted waves (see (108)) is only a multiplicative
operation and easy to calculate.
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Numerov method for distorted waves
close-coupling equation for Uij(R) along the translational direction R (Jacobi
coordinate), inelastic atom-diatom collision (J = 0) in three dimensions:

(Ĥ − E)
χj(R, r, θ)

Rr
= 0 (78)

χj: expansion φi(r, θ)

χj(R, r, θ) =
ntot∑
i=1

φi(r, θ)Uij(R); j = 1, 2, .., ntot (79)

ntot: sum of open and closed channels

i: collective index for the rotational ji and vibrational quantum number vi
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(78 and 79): multiplication from the left with the asymptotic eigenfunctions
φi(r, θ), integration over r and θ:

∂2

∂R2
U(R) = W(R)U(R) (80)

Wij =
2µ
~

2
< φi|V (R, r, θ)− V (∞, r, θ)|φj > +[

ji(ji + 1)
R2

− k2
i ]δij (81)

solution at the grid point Rk:

Rk = R0 + k∆; k = 1, ..., nstep (82)

Uk (i,j left out for simplification) is defined as U(Rk)
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Numerov propagator (Milnes correction formula):

Uk = 2Uk−1 − Uk−2 +
∆2

12
(WkUk + 10Wk−1Uk−1 +Wk−2Uk−2) (83)

equivalent to

(I − ∆2

12
Wk)Uk − 2(I +

5∆2

12
Wk−1)Uk−1 + (I − ∆2

12
Wk−2)Uk−2 = 0 (84)

– direct propagation of the U-matrix can be numerically difficult

– to get converged results for U: closed channels have to be included

– leads to large values within the Uk matrix

• easier to propagate: Qk
Qk = Uk−1U

−1
k (85)
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Fk = I − ∆2

12
Wk (86)

Qk = [12I − 10Fk−1 − Fk−2Qk−1]−1Fk (87)

– from U0 = 0 and U1 6= 0: Q1 = 0

– recursion formula (87): Q2, Q3, ..., Qnstep

– with (85): U-matrix can be calculated back from Unstep to U1

Unstep will be calculated from the asymptotic behaviour of U1:

Uij(R) ∼ v−1/2
i [cos(kiR−

πji
2

)Kij + sin(kiR−
πji
2

))δii] open channels (88)
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Uij(R) ∼ |vi|−1/2[exp(−|ki|R)Kij + exp(|ki|R))δii] closed channels (89)

{Kij} is the K-matrix

• Reformulation:
Uij(R) = Cij(R)Kij + Cij(R) (90)

Cii(R) = |vi|−1/2(cos(kiR−
πji
2

)) (91)

Sii(R) = |vi|−1/2(sin(kiR−
πji
2

))δii (92)

At R = Rk:
Uk = CkK + Sk (93)
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for the K- and S-matrix:

K = −[QkCk − Ck−1]−1[QkSk − Sk−1] (94)

S = (I + iK)(I − iK)−1 (95)

• modification of the starting problem: V
(p)
α (Rα) (p = 1, 2), two independent

solutions χ
(p)
n

[Ĥ − E + V (p)
α (Rα)]χ(p)

n (qα) = 0 p = 1, 2; qα = (Rα, rα, θα) (96)

χ(p)
n (qα) =

∑
n′

φn′(rα, θα)Upn′,n(Rα) (97)

n: all open, n′ all open and closed channels
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– asymptotically(see (88)):

U (p)(Rα) ∼ C(Rα) + S(Rα)K(p) (98)

incoming and outgoing waves (H−, H+) with S-matrix boundary conditions:

H(+) = C(Rα) + S(Rα)K(p)

H(−) = C(Rα)− S(Rα)K(p) (99)

then

U (p)A(p) ∼ −H(−)S(p)† +H(+) (100)

A(p) = 2(−I + iK(p))−1

S(p)† = (−I − iK(p))(−I + iK(p))−1
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Subtraction of (100) with p = 2 from the one with p = 1:

U (1)A(1) − U (2)A(2) ∼ H(−)(S(2)† − S(1)†) (101)

with

∆ = S(2)† − S(1)† (102)

E(1) = A(1)(∆†)−1 (103)

E(2) = −A(2)(∆†)−1 (104)

one gets

U (1)E(1) + U (2)E(2) ∼ H(−) (105)
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– inelastic waves with boundary solutions for incoming and outgoing waves:

χn(qα) =
2∑
p=1

∑
n′

χ
(p)
n′ (qα)E(p)

n′,n (106)

n, n:: only open channels

(M0)in,n′-matrix elements:

from (96):

(Ĥ − E)χn = −V (p)
(α)χ

(p)
n (107)

with (106):

(Ĥ − E)χn = −
2∑
p=1

V
(p)
(α) (R)

∑
n′

χ
(p)
n′ E

(p)
n′,n (108)
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– FEM and Numerov grid points not identical: interpolation

(M0)in,n′: at the FEM grid points, interpolate the values for U(Ri)

U
(p)
i = U (p)(Ri), Ri = ih, i = n0, n0 + 1..., n1

Ra = Ri−1 + ah with b = 1− a; Ri−1 and Ri are original grid points

U(Ra) = bUi−1 + aUi +
ab(a− 2)h2

6
Wi−1Ui−1 +

ab(b− 2)h2

6
WiUi. (109)
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(M0,0)n,n′-matrix elements:

(M0,0)n,n′ = < χn|Ĥ − E|χn′ >

=
2∑
p=1

2∑
q=1

∑
m

∑
m′

E(p)
m,nE

(q)
m′,nX

(p,q)
m,m′

(110)

with

X
(p,q)
m,m′ = −

∫ ∞
0

dRV q(α)(R)
∑
n

U (p)
n,m(R)U (q)

n,m′(R) (111)

n: open and closed channels
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Distortion potential:
• to prevent the overlap of the incoming inelastic waves of the different
arrangements:

– the distortion potential should be repulsive at short distances (R < Rmax)

– for R ≥ Rmax the potential is zero

– for Rmax the potential should be chosen such that the interaction region
becomes small so that not too many L2-basis functions or finite element grid
points are needed

– the distortion potential should not increase too much, otherwise the calculation
of (M0)in,n′ needs too many interpolation grid points

V (p)
α =

{
ap(R−Rmax)4, R < Rmax,
0, R ≥ Rmax

(112)
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II.3 The hyperspherical method

Figure 2: Potential energy
contours for an atom-diatom
reaction. The Jacobi
coordinates of arrangement α
are sketched.
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numerical calculation of the wavefunction ΨJM

ΨJM
λvjl =

∑
λ′v′j′l′

1
Rλ′

fJλ′v′j′l′λvjl(Rλ′)Φ
JM
λ′v′j′l′(rλ′R̂λ′) (113)

analysis of its asymptotic behaviour at large atom-diatom distance

fJλ′v′j′l′λvjl(Rλ′)→
1

k
1/2
λvj

e−i(kλvjRλ−lπ/2)δλ′λδv′vδj′jδl′l

− 1

k
1/2
λ′v′j′

e−i(kλ′v′j′Rλ′−l
′π/2)SJλ′v′j′l′λvjl (114)

in each arrangement λ permits the evaluation of the K and S matrices

• appearance of different Jacobi coordinate systems in the asymptotic behaviour
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renders reactive scattering calculations more complicated than inelastic scattering
calculations, for which only one set of Jacobi coordinates is needed

• calculation of the wavefunction in the reaction region needs to be performed
with a different type of expansion

• collinear expansion of ψ, Jacobi coordinates in arrangement α:

Ψ =
∑
v

χαv(rα)fv(Rα) (115)

χαv(rα): solutions of the asymptotic Hamiltonian of arrangement α

[− 1
2µ

∂2

∂r2
α

+ vα(rα)]χαv(rα) = εαχαv(rα) (116)
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vα(rα): C diatom potential, the limit of the potential energy function V (Rα, rα)
when Rα →∞

• f should be integrated from 0 to some limit Rmax
α situated in the region

where the interaction potential has reached its asymptotic behaviour in both
arrangements α and β

• a large number of eigenstates χαv(rα) are needed to represent accurately the
wavefunction in arrangement β because vibrational wavefunctions with a small v
quantum number are localized near the minimum reqα of the potential vα(rα)

• the number of bound vibrational states for a molecular potential is finite, a
continuum of states χαε(rα) with positive energy should also be included in
the close-coupling expansion

• one may use an expansion over eigenstates which are adapted to the true
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potential and not to the asymptotic potential

• one thus defines adiabatic states by solving for each Rα:

[− 1
2µ

∂2

∂r2
α

+ V (Rα, rα)]χαv(Rα; rα) = εα(Rα)χαv(Rα; rα) (117)

• the first eigenstates of (117) concentrate into regions of low potential energy
and thus will conveniently ’fill’ the two arrangement valleys at large Rα

• the part of the wavefunction which goes into arrangement α is very well
represented by an expansion over these eigenstates

• this is however not the case for the part of the wavefunction which goes into
arrangement β
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• the wavefunction Ψ is roughly localized between two equipotentials
corresponding to the total energy E

• lines of constant Rα cut these equipotentials obliquely, the length in the rα
coordinate is larger than in the rβ coordinate

• solving a SE on a larger range of the variable means more effort and also more
states to reach the limits of the domain of definition of the wavefunction

• this difficulty is most pronounced for large skew angles ϕαβ (i.e. for light-
heavy-light collisions)

• for very small skew angles (heavy-light-heavy collisions), this difficulty does not
appear and the expansion over the χαv(Rα; rα) states is a viable alternative
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• minimizing the number of basis states in each arrangement requires a coordinate
system in which lines of constant values of the propagation variable cut the
arrangement valleys at right or almost right angles, for large values of the
propagation variable

• such coordinate systems are obviously curvilinear

• the simplest of the coordinate systems which satisfies these requirements is
(polar coordinates)

ρ =
√
R2
α + r2

α ω = arctan
rα
Rα

(118)

in 3D: generalization of polar coordinates yields the hyperspherical coordinates
of six-dimensional space
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(
Rβ

rβ

)
=

−
√

mAmB
(mA+mC)(mC+mB) −

√
mC(mA+mB+mC)

(mA+mC)(mC+mB)√
mC(mA+mB+mC)

(mA+mC)(mC+mB) −
√

mAmB
(mA+mC)(mC+mB)

(Rα

rα

)
(119)

or (
Rβ

rβ

)
=
(

cos φαβ sin φαβ
−sin φαβ cos φαβ

)(
Rα

rα

)
(120)

tanφαβ = mC/µ, ϕαβ = φαβ − π, φαβ = [π, 3π/2] (121)

– Transformation from one (mass-weighted) Jacobi coordinate to the other is
a mere rotation, the hyperradius ρ =

√
R2
α + r2

α does not depend on the
arrangement index λ

– a set of five hyperangles denoted collectively as Ω completes the description of
configuration space
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Hyperradial equations

Six-dimensional Laplacian:

−→
∇2
Rλ

+
−→
∇2
Rλ
≡ 1
ρ5

∂

∂ρ
ρ5 ∂

∂ρ
− Λ2(Ω)

ρ2
(122)

Λ2(Ω): the grand− angular momentum

explicit analytical form depends on the choice of hyperangles

Λ2(Ω) commutes with
−→
J 2 and Jz

Hamiltionian:

H ≡ − 1
µρ5

∂

∂ρ
ρ5 ∂

∂ρ
+

Λ2(Ω)
2µρ2

+ V (ρ,Ω) (123)

Eigenfunctions of Λ2 are called hyperspherical harmonics.
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They form a complete set of eigenfunctions in Ω-space and can be used to
represent the variation of Ψ(ρ,Ω) at fixed ρ.

Many of them are in general needed to represent the wavefunction accurately,
especially at large ρ.
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The adiabatic representation
fixed-ρ Hamiltonian:

H(ρ) =
Λ2(Ω)
2µρ2

+ V (ρ,Ω) (124)

define a set of potential adapted adiabatic states ΦJMk (ρ; Ω), ( eigenfunctions of
H(ρ) : )

H(ρ)ΦJMk (ρ; Ω) = εJk(ρ)ΦJMk (ρ; Ω) (125)

partial wave ΨJM can be expanded over the ΦJMk (ρ; Ω) states:

ΨJM =
1
ρ5/2

∑
k

ΦJMk (ρ; Ω)fJk (ρ) (126)

hyperradial components fJk (ρ) are the solutions of a set of coupled second order
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differential equations:

[− 1
2µ

d2

dρ2
+ εJk(ρ) +

15
8µρ2

− E]fJk (ρ) − 1
2µ

∑
k′

[2P Jkk′(ρ)
dfJk′

dρ
+QJkk′(ρ) fJk′] = 0

(127)
non− adiabatic couplings in (127) are given by

P Jkk′(ρ) =< ΦJMk (ρ; Ω)| ∂
∂ρ

ΦJMk′ (ρ; Ω) >Ω (128)

QJkk′(ρ) =< ΦJMk (ρ; Ω)| ∂
2

∂ρ2
ΦJMk′ (ρ; Ω) >Ω (129)

• large density of states ΦJMk , numerous avoided crossings occur between adiabatic
curves εJk(ρ)

– Ralph Jaquet, University Siegen – 65



• ΦJMk have to be evaluated on a very fine grid of ρ to yield an accurate
representation of the P and Q couplings

• (127) in general difficult to integrate numerically.
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The diabatic representation
instead an adiabatic representation: better to use a diabatic representation

(expansion over constant states, in small sectors [ρ(l)
p ρ

(r)
p ] centered on ρp)

ΨJM(ρ,Ω) =
1
ρ5/2

∑
k

ΦJMk (ρp; Ω)fJk (ρp; ρ) (130)

coupled equations :

[− 1
2µ

d2

dρ2
+

15
8µρ2

− E]fJk (ρp; Ω) +
∑
k′

HJ
kk′(ρp; ρ) fJk (ρp; ρ) = 0 (131)

diabatic coupling terms:

HJ
kk′(ρp; ρ) =< ΦJMk (ρp; Ω)|H(p)|ΦJMk′ (ρp; Ω) >Ω (132)
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diabatic couplings are smooth and well behaved, rapid variations of the non
adiabatic P and Q couplings
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Propagation inside a sector
– sector width : important parameter for the efficiency of the calculations

– small width : couplings (132) are almost diagonal (they are exactly diagonal
for ρ = ρp)

– computational cost: if the basis functions is large, large number of
diagonalizations is needed

– large sector width: decreases the computational cost of the basis, increases the
one for the solution of the hyperradial equations (matrix elements (132) become
large when p is far from the reference point ρp , more channels are necessary to
represent the wavefunction with a given accuracy)

• several algorithms are currently in use for CC in inelastic scattering theory

• CC for the hyperradial equations (Johnson algorithm modified by Manolopoulos:
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well suited to reactive problems, being both fast and accurate)

Propagation of the logarithmic derivative matrix:

Z(ρp; ρ) = f ′(ρp; ρ)f(ρp; ρ)−1 (133)

from the left side ρ
(l)
p to the right side ρ

(r)
p of each sector

(133): f and f ′ are square matrices of order N ( CC equations )
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Propagation from one sector to the other

condition of continuity: ρ5/2ΨJM and of its ρ-derivative permits to relate the
hyperradial components and derivatives at the left boundary of the sector centered
on ρp+1 to their values at the right boundary of the sector centered on ρp:

fk(ρp+1; ρ(l)
p+1) =

∑
k′

Ukk′(ρp+1; ρp)fk(ρp; ρ(r)
p ) (134)

f ′k(ρp+1; ρ(l)
p+1) =

∑
k′

Ukk′(ρp+1; ρp)f ′k(ρp; ρ
(r)
p ) (135)

transformation matrix U(ρp+1; ρ):

Ukk′(ρp+1; ρ) =< ΦJMk (ρp; Ω)|ΦJMk′ (ρp; Ω) > (136)
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(134) and (135) define starting conditions for integration of the coupled equations
in sector p+ 1 , transformation on the logarithmic derivative matrix Z :

Z(ρp+1; ρ(l)
p+1) = U(ρp+1; ρp)Z(ρp; ρ(r)

p )U(ρp+1; ρp)−1 (137)
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Asymptotic analysis
wavefunction ΨJM can be matched to the asymptotic form :

fJλ′v′j′l′λvjl(Rλ′)→ f
(1)
λvjl(Rλ)δλ′λδv′vδj′jδl′l − f

(2)
λvjl(Rλ′)K

J
λ′v′j′l′λvjl (138)

for open channels:

f
(1)
λvjl(Rλ) = k

1/2
λvjRλjl(kλvjRλ)f (2)

λvjl(Rλ) = k
1/2
λvjRλnl(kλvjRλ) (139)

for closed channels: (h
(±)
l are spherical Hankel functions)

f
(1)
λvjl(Rλ) = |kλvj|1/2Rλh(−)

l (i|kλvj|Rλ)

f
(2)
λvjl(Rλ) = |kλvj|1/2Rλh(+)

l (i|kλvj|Rλ) (140)
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– on an hypersphere of radius ρmax, the quantity ρ5/2ΨJM and its ρ-derivative
are continuous (the left and right values at ρ = ρmax are the same for all Ω).
One can thus project the continuity equations onto the basis functions of the last

sector ρq whose right boundary ρ
(r)
q = ρmax

matrix of regular asymptotic solutions f (1) and its derivative f (1)′:

f
(1)J
k,λvjl =< ΦJMk (ρp; Ω)|ρ5/2Ψ(1)JM

k,λvjl (Rλrλ) >Ω (141)

(f (1)J
k,λvjl)

′ =< ΦJMk (ρp; Ω)| ∂
∂ρ

(ρ5/2Ψ(1)JM
k,λvjl (Rλrλ)) >Ω (142)

Ψ(1)JM
k,λvjl is the full regular asymptotic function:

Ψ(1)JM
k,λvjl ≡

1
Rλ

f
(1)
k,λvjl(Rλ)ΦJMk,λvjl(R̂λrλ) (143)
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– quantities inside the ket in (141) and (142) are evaluated at ρ = ρmax

– matching equations are obtained from the condition that the numerically
integrated logarithmic derivative matrix Z is equal to its asymptotic form

– imposing K- matrix boundary conditions:

Z = (f (1)′ − f (2)′K)(f (1) − f (2)K)−1 (144)

– K-matrix, S-matrix:

K = (Zf (2) − f (2)′)−1(Zf (1) − f (1)′) (145)

S = (1 + iK)/(1− iK)−1 (146)
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A remark on flux conservation
traditional inelastic scattering theory:

• one shows that the logarithmic derivative matrix Z is a symmetric matrix,
because of the symmetry of coupling matrices

• wronskian of asymptotic functions is unity

• K-matrix is symmetric

• S-matrix is symmetric and unitary

in reactive collisions:

• symmetry of the logarithmic derivative matrix is destroyed by the
transformation (137), because U−1 6= Ut
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• Wronskian of the asymptotic solution matrices f (1) and f (2) is not a unit matrix

• the K-matrix is no longer symmetric

• S-matrix is no longer unitary

in practice:
if enough closed channels are included in the wavefunction expansion, symmetry
of the logarithmic derivative and K-matrices is preserved, at least for their open
part
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Hyperspherical coordinate systems

several choices for the five Ω hyperangles are possible:

• the generalization of spherical coordinates in three-dimensional space to six-
dimensional space yields the following parametrization : x1 = ρ cos θ1, x2 =
ρ sin θ1ρ cos θ2 ,.., x5 = ρ sin θ1ρ sin θ2.. cos θ5, x6 = ρ sin θ1ρ sin θ2.. sin θ5 in
which the hyperangles θ1, ..., θ4 lie between 0 and π and θ5 lies between 0 and 2π

• this parametrization however suffers from the defect that the transformation of
hyperangles when one performs a spatial rotation is complicated

• this implies that the potential energy V will depend on the five hyperangles
in a manner which does not show rotational invariance explicitly and renders the
calculation of matrix elements and of other quantities difficult

• in practice, to take account of rotational invariance and to simplify the
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calculation of matrix elements, one has to use body-frame coordinates in which
three parameters (ρ and two hyperangles) specify the size and shape of the ABC
triangle, while three Euler angles specify its orientation in space Fock coordinates

(ρ, ωλ, r̂λ, R̂λ) : ωλ = arctan(rλ/Rλ) lies between 0 and π/2

body-frame Fock internal coordinates (ρ, ωλ, ηλ): ηλ is the angle between the two
Jacobi vectors rλ and Rλ and three Euler angle which specify the orientation of
the molecular plane in space

the z axis of the molecular frame can be chosen to lie along Rλ

there are of course three kinds of Fock coordinates, depending on the arrangement
λ = α, β, γ
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Smith-Whitten democratic coordinates

the principal axis frame (the one in which the inertia tensor is diagonal):

– z-axis of the molecular frame to lie along the axis of least inertia

– y-axis: to be perpendicular to the molecular plane

– two angles Θ and Φλ : permit to compute the coordinates of the two Jacobi
vectors in the molecular plane

Zλ = ρ cos Θ cos Φλ, zλ = ρ cos Θ sin Φλ (147)

Xλ = ρ sin Θ sin Φλ, xλ = −ρ sin Θ cos Φλ (148)

– Θ: between 0 and π/4 , Φλ : 0 and 2π
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– moments of inertia:

Iz = µρ2 sin2 Θ Ix = µρ2 cos2 Θ Iy = µρ2 (149)

– fixed ρ and Θ : the extremity of the vectors Rλ and rλ lie on an ellipse whose
half-axes are ρcosΘ and ρsinΘ

– Θ = 0: corresponds to linear configurations

– Θ = π/4: the two Jacobi vectors are perpendicular and the system is in a
symmetric top configuration (Ix = Iz = Iy/2)

– three equal masses: corresponds to an equilateral ABC triangle, while, for a
symmetric light-heavy-light system, we have a triangle with a right angle and two
equal sides

– transformation (120): between the different sets of mass- weighted Jacobi
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coordinates, one deduces easily that Smith-Whitten coordinates of arrangement β
are the same as the ones of arrangement α, except for the angle Φ which changes
as Φβ = Φα − Φαβ

– Smith-Whitten coordinates of each arrangement are essentially the same, treat
all particles on the same footing
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Relation between Smith-Whitten and Fock coordinates

Xα =
R2
α − r2

α

ρ
, Yα =

Rαrα
ρ

, Z =
2Rαrα sin ηα

ρ
, S =

1
2
|Rα × rα| (150)

X2
α + Y 2

α + Z2 = ρ2 can also be written as 4S/p

S: surface of the mass-scaled triangle (and also of the real triangle ABC),
invariant with respect to the arrangements

– with these coordinates, we can associate to each possible triangle shape and
size a point in a 3D space:

• this permits a convenient mapping of potential surfaces

• the transf. between (XαYαZ) and (XβYβZ) is a rotation of angle 2Φαβ
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• the expression of these coordinates in terms of Fock coordinates :

Xα = ρ cos 2ωα, Yα = ρ sin 2ωα cos ηα, Z = ρ sin 2ωα sin ηα (151)

• terms of Smith-Whitten coordinates

Xα = ρ cos 2Θ cos Φα, Yα = ρ cos 2Θ sin 2Φα, Z = ρ sin 2Θ (152)

(151): apparent that 2ωα and ηα are the (θ, φ) spherical angles in the (YαZXα)
system

(152): we see that π/2 - 2Θ and 2Φα are the (θ, φ) spherical angles in the
(YαXαZ) system
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Computer implementation and applications

• several implementations of the hyperspherical method exist at present

• it appears that Smith-Whitten coordinates are very convenient because they
single out the projection of the total angular momentum onto the axis of least
inertia

• this axis is close to the atom-diatom axis in each arrangement and rotates
slowly from the reactant atom-diatom axis to the product one for reactions in
which symmetric top configuration is not accessibler

• when quantizing internal motion onto this axis, one finds that rotational
coupling is minimal for reactions in which the saddle point is in a linear or
near-linear configuration
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• the most expensive part of the computations lies in the solution of the close-
coupling equations for all J and E values which are needed to get converged
cross sections

• computer time scales as N3 ( N is the number of channels ) matrix inversions

• using present day computers, systems involving about one thousand channels
(or even more) can be treated and converged reaction cross sections have been
recently obtained on systems like H + H2 F +H2 , Cl + H2 and He +H+

2 , etc.
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II.4 Recent developments, reduced dimensionality, negative imaginary
potentials, etc.

see the volumes of: Bowman 1994, Zhang and Wyatt 1996, Baer 1986, etc.

Different variational principles

Authors: Truhlar; Kouri : Newton variational principle, Schwinger variational
principle, amplitude density method, etc.

Authors: Miller, Zhang; Manolopolous, Wyatt : Kohn variational principle

Different body-fixed systems

Pack et al

Different hyperspherical approaches
Authors: Aquilanti , Lagana; Launay, Le Dourneuf: Linderberg; Pack, Parker,
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Kress; Schatz; Manolopolous; Billing; Hinze, Wolniewiecz, Ahlijah

Different arrangement channel procedures
Authors: Kouri, Truhlar; Micha; Tang

Integral equation approaches
Authors: Kouri, Truhlar; Micha;

Time-independent wave packets
Authors: Kouri; Zhang; Althorpe et al

Approximate methods
Angular momentum decoupling
reactive infinite order sudden (RIOS) and other methods:CS, ES, etc.
Authors: Kouri; Pack; Jellinek; Baer;

– Ralph Jaquet, University Siegen – 88



Figure 3: RIOS:
The λi- and
ν- arrangement
channels in
cylindrical
coordinates. The
fixed γλ and γν
planes as well the
borderline Γλν are
shown.Jellinek et al
in [1]
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Faddeev approach
Author: Micha

T-matrix approach
Author: Tang

Distorted wave Born approximation
Authors: Schatz; Miller;Tang

Reduced dimensionality
Authors: Bowman; Clary; Hayes, Walker (bending-corrected rotating linear
model); Energy shift approximation
Author: Bowman

Negative imaginary potentials
Authors: Last, Baer
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Figure 4: Potential
with a schematic wave
function. (a) Without
negative imaginary
potential, (b) with
negative imaginary
potential. Collinear
potential energ with
NIP Last and Baer in
[4]
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Figure 5: Collinear
potential energ with
NIP and NIADP. (a)
product arrangement
channel, (b) reagent
arrangement channel.
NIP: negative
imaginary potential,
NIADP: negative
imaginary potential
decoupling potential.
Last and Baer in [4]
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Four- and polyatomic reactions
Authors: Bowman; Clary; Schatz

Non-adiabatic reactions
Authors: Schatz, Connor; Baer; Truhlar; Nakamura

The geometric phase effect
Authors: Kupperman; Baer
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II.5 Computer implementations and methodologies

Basis sets, DVR, FEM, etc.
see volumes of Lagana 1988, Cerjan 1993; [320], [8], [9]
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The finite element method (FEM)

general idea of FEM:

• change from the integration to a summation over many subdomains called
elements

• on each element the wavefunction is approximated by a parametrized function
u

• simplest choice are polynomials of different degrees, e.g. in two dimensions

u(x, y) =
∑
i,j

cijx
iyj (153)

• on each element e a certain number of grid points is choosen and the function
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u on the element is expanded as

u(e)(x, y) =
p∑
i=1

u
(e)
i Ñ

(e)
i (x, y) =

p∑
i=1

u
(e)
i N

(e)
i (ζ1, ζ2, ζ3)

u
(e)
i = u(xi, yi) (154)

• formfunctions Ñ
(e)
i (N

(e)
i ) are defined to have interpolating properties inside

each element e and are zero or one at the grid points:

Ñ
(e)
i (xj, yj) = δij (155)

• integrals over the whole domain of the problem are then sums over all elements
• we choose a triangular form of the elements
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• simple integration formula, if one transforms from an arbitrary triangle to a unit
rectangular triangle with the coordinates ξ and η and then to ”natural triangular
coordinates” ζi:

x = x1 + (x2 − x1)ξ + (x3 − x1)η
y = y1 + (y2 − y1)ξ + (y3 − y1)η (156)

ζ1 = 1− ξ − η, ζ2 = ξ, ζ3 = η (157)

• formfunctions can then be expressed in terms of the ζi

• general formulas in one and two dimensions
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Grid schemes in FE for calculating a potential adapted basis.

reduction of computing time:

• we tested eigenfunctions that cover some or all different reaction channels and
these eigenfunctions will build up an effective basis set for scattering

• this will be even more interesting for polyatomic systems if for each channel,
potential adapted eigenfunctions (in more than one dimension) can be made
available

• the problem that one has to deal with is the linear dependency

• we tested it for collinear H + H2

• the most appropriate version is to include the complete area for the whole
reaction including the break up into the three atoms
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• the advantage of FE is to have the choice to use an irregular grid that is
adapted to the given problem

• in our applications we normally use an equidistantly subdivided grid for that
part of the potential area that is needed to describe the physics correctly

• within the multigrid methods the solution algorithm defines where to choose
more grid points

• special grid for a special single solution

Aim: adapted grid that is nearly optimal for many solutions, e.g. many bound
state wavefunctions or for scattering calculations with many collision energies

earlier work:
use of the Bohr-Sommerfeld (BS) formula to create a 1D grid that leads to a small
number of points for which many eigenvalues (up to Emax) can be calculated
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with the same high accuracy

grid points xi:
∫ xi
xi−1

p(x)dx ≈ π~ with p(x) =
√

2µx(Emax − V (x) as the

classical momentum corresponding to the energy Emax

now:
optimisation of the grid in 2D in two different ways depending on the underlying
potential energy surface (PES)

first version:
– the grid depends on the contour lines of the PES for well choosen energy
values

– each contour line is described by a number of points which are used for
triangulation

– the energy values and the spacing of the points on the contour lines are
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defined by some rules, e.g. logarithmic or exponential spacing for the energy
values depending on the problem and enlarged spacing on the contour lines for
high energies, e.g. well above the collision energy (Fig. 6)

– the triangulation should not create triangles with too sharp angles and not to
many triangles have to be connected in one point (around 6 would be optimal),
otherwise the polynomial approximation in FEM becomes numerically problematic

– depends on the number of grid points to start with and how dense they are
lying

– beginning with the points of the contour lines, triangles are created and after
that a reduction of triangles will proceed

– automatic grid generation is still not optimal

second version:
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– using the BS-formula as in 1D

– starting with a relatively fine equidistant grid in 2D (e.g. in x,y (r and R in
Jacobi coordinates)) we use the 1D formula for each stripe in x for a given y and
vice versa for y for a given x values

– keep only those points that fulfil the requirements that the application of the
1D BS-formula leads to a solution in x- and y-direction

– advantage:
we do not create too many points for the grid mesh

the angles of the triangles are not too small

and practically no reduction of grid points has to be performed

Combination of FE and DVR

– Ralph Jaquet, University Siegen – 102



– ABC-systems: three coordinates (Euler angles are integrated out analytically),
which are coupled more or less

– for Jacobi coordinates R, r, γ at least in the reactant channel R and r are more
strongly coupled, so we solve the (R, r)- problem with FE (no separation Ansatz)
and describe the angular part by a discrete variable representation (DVR)

– potential is expanded in Legendre polynomials, so for each fixed angle γ a 2D
solution using FE is performed
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90

Figure 6: H + H2

[287], a-c): Three
different discretizations
for the angles 0o, 45o

and 90o are shown
(r,R = [0, 8] a0). The
discretization is based
on a contour plot of the
potential with energies
E = 0.12, 0.05, 0.02,
0.007 a.u.. d) A
contour plot for 90o

is shown. During the
triangulation process
some contours were
discarded.
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b)

r

R

0
o 45 o

90
o

90
o

H +  H  2
+

c) d)

a)

Figure 7: H+ + H2

[292], a-c): Three
different discretizations
for the angles 0o, 45o

and 90o are shown
( r,R = [0, 8] a0).
The discretization is
based on a contour plot
of the potential with
energies E = 0.3, 0.23,
0.2, 0.187, 0.12, 0.09,
0.046, 0.004 a.u..
The first four energies
match those of the H
+ H2 potential. d)
A contour plot for 90o

is shown. During the
triangulation process
some contours were
discarded.
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 a )  H  +  H 2  ( 0  d e g r e e ) ,  E = 0 . 1 3
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Figure 8: H + H2

[287], a-c): Three
different discretizations
for the angles 0o, 45o

and 90o are shown
(r,R = [0, 8] a0). The
discretization is based
on the combined use of
the Bohr-Sommerfeld
formula [20] in
one dimension
for r and R with
Emax = 0.13 a.u..
d) A smaller range
for triangulation is
shown for 0o and with
Emax = 0.08 a.u.
(collinear
arrangement).– Ralph Jaquet, University Siegen – 106



Close coupling solvers

see volumes of Miller 1976, Bernstein 1979, etc.

Authors: Lester, Johnson, Manolopolous, Allison, Mrugala, Secrest, Thomas et
al

R-matrix: Light et al, Trular et al
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II.6 Examples: ”Exact” calculations for H + H2, F + H2, etc.

Some remarks to Jacobi coordinates and scattering applications

Some remarks to hyperspherical coordinates and scattering applications

see the review of Manolopolous and Clary

H + H2

see: reviews Truhlar, Miller, etc. (Adv. Phys. Chem.)

original work before 1980: Kuppermann et al, Wyatt et al, Light et al

List of potential energy surfaces for H + H2:

PK, LSTH, DMBE, BKMP, BKMP2
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New work on H + D2:

see: Wrede, Welge et al
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Figure 9: Selected
v′, j′ state resolved
DCSs in the CM
system for the H +
D2(v = 0mj = 0)
→ HD(v′, j′) + D
reaction [360].
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Figure 10: Composite
D-atom angle velocity
polar map of the H
+ D2(v = 0mj = 0)
→ HD + D reaction
at 2.2 eV collision
energy. The upper half
has been constructed
using the QM v′, j′

DCSs, whereas the
lower half corresponds
to the experimentally
deduced DCSs [360].
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Hyperspherical applications

F + H2

see: Manolopolous et al

– Ralph Jaquet, University Siegen – 112



Figure 11: Quantum-
mechanical LAB
frame angular
distributions for the F
+ HD(v=0,j=0) →
DF(v’) + H reaction
at Ecoll: (a) 1.35 and
(b) 1.98 kcal mol−1,
compared with the
results of the molecular
beam experiment
[322].
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Figure 12: As in
Fig. 11, but for
F + HD(v=0,j=0) →
HF(v’) + D reaction
[322].
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The geometric phase effect in H + H2

see: Kuppermann et al
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Figure 13:
Degeneracy- summed

differential cross
sections for the H
+ H2 (v=0,j=0) →
H2 (v’=0,j’=2) +H
reaction, at a total
energy of 0.7 eV, as a
function of scattering
angle. From Ref. [335]
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Figure 14: This figure
depicts two kinds of
semiclassical paths
which contribute to
exchange scattering
amplitude for a
triatomic system ABC.
The dashed path
partially encircles the
conical intersection
line, whereas the solid
one does not. From
Ref. [337]
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Figure 15: Degeneracy
summed GP and
GNP differential cross
sections for the H
+ D2 (v=0,j=0) →
HD (v’=0,j’) +D
reaction as a function
of total energy and of
the center-of -mass
scattering angle of the
HD product. From
Ref. [337]
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Miscellaneous

different hyperspherical applications: see Nakamura

spin-orbit effects in reactions: Schatz et al
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II.7 Summary

• variety of ’exact’ ways to solve the SE for three dimensional atom-diatom
reactions

• two leading approaches to quantum reactive scattering:

hyperspherical coordinate methods and variational methods

• based on the simultaneous use of mass-scaled Jacobi coordinates in each of the
chemical arrangements involved

• the two approaches are somewhat complementary

• both have already seen numerous important applications

• it is as yet unclear which will ultimately prove the ’best’ to use
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hyperspherical coordinate methods (HCM) provide a physical picture of
reactive scattering in terms of adiabatic hyperradial potential energy curves
(AHPEC)

* AHPEC correlate asymptotically with the bound rovibrational energy levels of
the reactant and product fragments

* HCM are useful for interpreting dynamical resonance effects

* HCM lead quite naturally to optimum angular momentum decoupling
approximations of the coupled states or ’centrifugal sudden’ form

Jacobi coordinate variational methods do not at present provide such a useful
physical picture of the dynamics

* somewhat more amenable to perturbation theory approximations of the
’distorted wave’ type
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natural collision coordinate methods, which still give the most intuitive physical
picture of all, appear to be computationally intractable for the more demanding
reactions studied to date

• converged J = 0 and J 6= 0 reaction probabilities can now be obtained ’quite
routinely’ for a wide variety of atom-diatom reactions

• differential and integral cross sections can also be obtained at quite high
scattering energies (e.g. for all the deuterium substituted analogues of H +
H2)

• cross sections for highly exoergic reactions with heavier atoms are still quite
difficult to obtain

• a large number of experimentally interesting reactions fall into this latter
category, the need for further methodological developments is clear
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other important problems:

• study of electronically non-adiabatic reactions

• description of subtle geometric effects caused by the conical intersection of
ground and excited electronic potential energy surfaces

• collision induced dissociation

• reactions involving polyatomic molecules

• but: potential energy surfaces and dynamics calculations appear at last to be
converging on a realistic ab initio quantum theory of reactive scattering
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II.8 Appendix

The body-fixed rotationally coupled Schrödinger equation

Separation of internal configuration space into arrangement channel
regions
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Figure 16: Vectors used to specify the location of the three atoms A, B, and C
relative to the center of mass 0. GBC, GAC, and GAB denote the locations of
the centers of mass of the diatoms BC, AC, and AB, respectively.
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- three-dimensional collision of an atom A with a diatomic molecule BC and, B
plus CA and C plus AB collisions (A(≡ Aα), B(≡ Aβ), C(≡ Aγ) Fig. 16

- R̄α: from the center of mass of BC to A, r̄α: from B to C, |R̄α| → ∞ with
|r̄α| remaining finite: separated A+BC arrangement channel α

- the arrangement of the vectors in Fig. 16 is cyclic in the indices αβγ; λνµ
represent any one of the cyclic permutations αβγ, βγα and γαβ

- scaled variables Rλ, rλ are related to R̄λ, r̄λ by:

rλ = a−1
λ r̄λ (158)

Rλ = aλr̄λ (159)
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aλ = (µλ,νk/µνk)1/4 (160)

µλ,νk = mλ(mν +mk)/(mλ +mν +mk) (161)

µνk = mνmk/(mν +mk) (162)

- convenient representation of the potential V with Rλ, rλ and γλ (λ = α, β, γ):

γλ = cos−1 Rλrλ
|Rλ||rλ|

0 ≤ γλ ≤ π (163)

- V = V λ(rλ, Rλ, γλ)

- Rλ, rλ, are useful for describing the triatomic motions only for configurations
in which Rλ is significantly larger than, say, Rν or Rk
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- representation of V λ in terms of variables ξ = (r2
λ + R2

λ)1/2, ωλ =
2 tan−1(rλ/Rλ) (in the 0 to π range), and γλ

- range of γν in 3D: 0 to π, in 2D: 0 to 2π

- three-dimensional internal configuration space: divided into arrangement
channel region subspaces λ = α, β, γ

- in region λ (for large ξ) Rλ is approximately equal to Zλ and rλ is approximately
half of the distance of the point P (ξ, ωλ, γλ) to the Zλ axis

- in that region, Rλ, rλ, γλ are the ”natural” variables for describing the
translational, vibrational, and rotational motions of the three atoms, but these
same variables are both awkward and inefficient for representing the corresponding
motions in arrangement channels ν and k

- we (Kuppermann) use Rλ, rλ, γλ in region λ only
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- three additional external variables (which specify the orientation of the
instantaneous three-atom triangle with respect to a laboratory system) which will
also be different for different arrangement channel regions

- Kuppermann: solving the SE involves first the generation of solutions in each
of the three arrangement channel regions λ = α, β, γ in separate calculations
using variables appropriate to each region

- followed by a matching procedure which yields a set of smooth and continuous
solutions throughout all of configuration space

- then we (Kuppermann) need to linearly combine these ”primitive” solutions to
generate ones which satisfy the desired asymptotic boundary conditions

- choice of boundary surfaces for H + H2: three half-planes πνλ, πkν and πλk

- they are limited by and intersect on the OYλ axis, πνλ makes an angle βνλ (in
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the 0 to π/2 range) with the OYλZλ plane:

cosβνλ = (
mνmλ

(mλ +mk)(mν +mk)
)1/2 (164)

sinβνλ = (
mkM

(mλ +mk)(mν +mk)
)1/2 (165)

M = mλ +mν +mk (166)

analogous expressions are valid for the angles between πkν and OYλZν, and
between πλk and OYλZk

these πνλ surfaces (νλ = αβ, βγ, γα ) are called the matching surfaces
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Partial wave analysis
coordinates specified by the index λ: SE for the motions of the three nuclei

(− ~
2

2µλ,νk
∇2

R̄λ
− ~

2

2µνk
∇2

r̄λ + V λ(r̄λ, R̄λ, γλ)− E)Ψλ(r̄λ, R̄λ) = 0 (167)

scaled coordinates:

(−~
2

2µ
(∇2

R̄λ
+∇2

r̄λ) + V λ(rλ,Rλ, γλ)− E)Ψλ(rλ,Rλ) = 0 (168)

µ = (µλ,νχµνχ)1/2 = [mλmνmχ/(mλ +mν +mχ)]1/2 (169)

µ is independent of the choice of arrangement channel
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Figure 17: Space-fixed coordinate system Oxyz and body-fixed systems OXλYλZλ
and Ox′λy

′z′λ. The origin O of this figure is the same as that of Fig. 16.
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space fixed coordinate system Oxyz (Fig. 17) centered on the center of mass O
of the triatom system:

axes are constantly parallel to the axes of a laboratory-fixed system of coordinates,
in Oxyz the polar and azimuthal angles of Rλ and rλ are θλ, φλ and θrλ, φrλ

[−~
2

2µ
(

1
Rλ

∂2

∂R2
λ

Rλ+
1
rλ

∂2

∂r2
λ

rλ)+
j2
λ

2µr2
λ

+
l2λ

2µR2
λ

+V λ(rλ, Rλ−λ, γλ)−E]Ψλ(rλ,Rλ) = 0

(170)
lλ and jλ usual orbital and rotational angular momentum operators expressed in
the spherical coordinates θλ, φλ and θrλ, φrλ

total angular momentum operator J: independent of arrangement channel

J = lλ + jλ (171)
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J2 and Jz (the z component of J) commute with each other and with the
Hamiltonian H

partial wave analysis procedure: expansion of Ψλ(rλ,Rλ) in terms of simultaneous
eigenfunctions Ψλ

JM(rλ,Rλ) of J2, Jz and H with eigenvalues ~2J(J + 1), ~M
and E

Ψλ(rλ,Rλ) =
∞∑
J=0

J∑
M=−J

CλJMΨλ
JM(rλ,Rλ) (172)

Ψλ
JM(rλ, Rλ) satisfies170
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The body-fixed Schrödinger equation

• standard space-fixed theory (Arthurs and Dalgarno) expansion of Ψλ
JM in terms

of a set of simultaneous eigenfunctions of J2, Jz, l2λ and j2λ thereby obtaining a
set of coupled equations in the quantum numbers jλ and lλ

• alternative: transformation to a system of body-fixed coordinates (Pack)

• fully converged calculation: body-fixed and space-fixed formalisms lead to the
same number of coupled equations; for fully converged non-reactive atom diatom
calculations, they may be implemented with comparable ease

• body-fixed coordinate systems lead to an approximate decoupling of certain
degrees of freedom, which is not naturally present in the space-fixed analysis and
which is useful in the development of approximate theories

• body-fixed analysis leads to both computational and conceptual simplifications
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in the matching procedure, thus providing a considerable advantage in reactive
scattering calculations over the corresponding space-fixed theory (calculations in
the 1970ies)

• two body-fixed coordinate systems OXλYλZλ and Ox′λy
′z′λ (see Fig. 17):

(1) OXλYλZλ is obtained from Oxyz by rotating through the Euler angles
α = φλ, β = θλ, γ = 0 so that the Zλ axis points along the Rλ direction and the
Yλ axis lies in the xy plane

(2) Ox′λy
′z′λ is obtained from OXλYλZλ by rotating it counterclockwise about

OZλ(≡ Oz′λ) by an angle ψλ (in the 0 to π range) so as to bring Ox′λ into the
Rλ, rλ plane and Oy′ (which is independent of λ) perpendicular to it and oriented
in the direction of Rλ × rλ:

ŷ′ =
Rλ × rλ
|Rλ × rλ|

(173)
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• Euler angles which rotate Oxyz to Ox′y′z′ are α = φλ, β = θλ, γ = ψλ

• in either of the body-fixed coordinate systems OXλYλZλ or Ox′λy
′z′λ thevariables

used to describe the system are rλ, Rλ, φλ, θλ, ψλ, γλ

• ψλ is the counterclockwise angle from OYλ to Oy′ or from OXλ to Ox′λ as
viewed from the positive OZλ axis

• OYλ is perpendicular to the OXλZλ plane and therefore the Rλ, Oz plane, and
Oy′ is perpendicular to the Rλ, rλ plane

• ψλ is the angle between these last two planes

• the plane containing the three axes OXλ, Ox
′
λ and OYλ is perpendicular to the

Rλ vector and intersects the Rλ, Oz and Rλ, rλplanes along the OXλ and Ox′λ
axes
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• the angle ψλ between these two axes is equal to the angle between those two
planes

• a motion, in which Rλ, φλ, θλ, rλ and γλ are kept constant but ψλ varies is a
”tumbling” (i. e., rigid rotation) of the triatomic system around the Rλ vector,
and for this reason the ψλ angle will be called the tumbling angle

• most convenient: use the coordinate system OXλYλZλ for deriving the coupled
form of the SE and Ox′y′z′ in developing the matching procedure

expansion of Ψλ
JM in terms of the elements of the Wigner rotation matrix

D(α, β, γ):

Ψλ
JM(rλ,Rλ) =

J∑
Ωλ=−J

DJ
MΩλ

(φλ, θλ, 0)Ψλ
JΩλ

(rλ, Rλ, γλ, ψλ) (174)
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Ψλ
JΩλ

: body-fixed wavefunction

quantum number Ωλ:component of the total angular momentum J around Rλ

or OZλ, lλ (conjugate to Rλ) around this axis vanishes, Ωλ specifies the Zλ
component of the angular momentum jλ in the body-fixed frame

• JZλ or j
λzλ are the tumbling angular momentum (since it describes the

tumbling of the triatom round Rλ) and Ωλ as the tumbling quantum number in
arrangement channel λ

• substitution of 174 into 170 yields the following set of Ωλ -coupled equations
for the Ψλ

JΩλ
(rλ, Rλ, γλ, ψλ):

HJλ
Ωλ,Ωλ

Ψλ
JΩλ

+HJλ
Ωλ,Ωλ+1Ψλ

J,Ωλ+1 +HJλ
Ωλ,Ωλ−1Ψλ

JΩλ−1 = EΨλ
JΩλ

(175)
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HJλ
Ωλ,Ω

′
λ
: elements of a tridiagonal H-operator matrix HJλ(rλ, Rλ, γλ, ψλ)

HJλ
Ωλ,Ωλ

= −~
2

2µ
(

1
rλ

∂2

∂r2
λ

rλ +
1
Rλ

∂2

∂R2
λ

Rλ) +

j2
λ

2µr2
λ

+
1

2µR2
λ

[J(J + 1)~2 − 2Ωλ~jλzλ + j2
λ] + V λ(rλ, Rλ, γλ) (176)

HJλ
Ωλ,Ωλ±1 = − ~

2µR2
λ

√
J(J + 1)− Ωλ(Ωλ ± 1)j∓λ (177)

j∓λ : lowering (-) and raising (+) operators of jλ in-the body-fixed OXλYλZλ
coordinate system

defining Ψλ
J as the (2Ω + 1) dimensional column vector whose elements are the
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Ψλ
JΩλ

, 175 can be put in the matrix form (body-fixed partial wave SE)

HJλΨλ
J = EΨλ

J (178)

kinetic energy operator is no longer diagonal in the body-fixed representation and
is the mechanism which couples different quantum numbers Ωλ

the potential coupling is diagonal in Ωλ and is responsible for coupling between
states of different vibration rotation quantum numbers vλ, jλ

this separation of kinematic and potential coupling is of prime importance in the
development of approximate decoupling procedures
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Table 1. Angular momentum operators in space-fixed and body-fixed coordinate
systems a
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Jx = −i~(− cosφ cot θ ∂
∂φ

JXλ
= −i~(− 1

sinθ
∂
∂φ

+ cos θ ∂
∂ψ

) Jx′λ = −i~(cosψ
sin θ

∂
∂φ

− sinφ ∂
∂θ

+
cosφ
sin θ

∂
∂ψ

) + sinψ ∂
∂θ

+ cot θ cosψ ∂
∂ψ

)

Jy = −i~(− sinφ cot θ ∂
∂φ

JYλ
= −i~ ∂

∂θ
Jy′ = −i~(sinψ

sin θ
∂
∂φ

+ cosφ ∂
∂θ

+
cosφ
sin θ

∂
∂ψ

) + cosψ ∂
∂θ
− cot θ sinψ ∂

∂ψ
)

Jz = −i~ ∂
∂φ

JZλ
= −i~ ∂

∂ψ
J
z′
λ

= −i~ ∂
∂ψ

jλx = −i~[cosφ sin θ + sinφ sinψ cot γ jλXλ
= −i~(− cosψ cot γ ∂

∂ψ
j
λx′
λ

= −i~(− cot γ ∂
∂ψ

)

− cosφ cos θ cosψ cot γ) ∂
∂ψ

− sinψ ∂
∂γ

)

−(sinφ cosψ + cosφ cos θ sinψ) ∂
∂γ

]

jλy = −i~[(sinφ sin θ − cosφ sinψ cot γ jλYλ
= −i~(− sinψ cot γ ∂

∂ψ
jλy′ = −i~ ∂

∂γ

− sinφ cos θ cosψ cot γ ∂
∂ψ

+ cosψ ∂
∂γ

)

+(cosφ cosψ − sinφ cos θ sinψ) ∂
∂γ

]

jλz = −i~[(cos θ + sin θ cosψ cot γ) ∂
∂ψ

jλZλ
= −i~ ∂

∂ψ
j
λz′
λ

= i~ ∂
∂ψ

+ sin θ sinψ ∂
∂γ

]

J2 = J2
x + J2

y + J2
z J2 = J2

Xλ
+ J2

Yλ
+ J2

Zλ
J2 = J2

x′
λ

+ J2
y′
λ

+ J2
z′
λ

= −~2[ ∂
2

∂θ2
+ cotθ ∂

∂θ
+ −i~ cot JYλ

1
sin2 θ

( ∂
2

∂φ2 + ∂2

∂ψ2)− 2 cos θ
sin θ2

∂2

∂φ∂ψ
]

j2λ = j2λ = j2λXλ
+ j2λYλ

+ j2λZλ
j2λ = j2λXλ

+ j2λYλ
+ j2λZλ

j2λ = j2
λx′
λ

+ j2
λy′
λ

+ j2
λz′
λ

−~2( ∂
2

∂γ2 + cot γ ∂
∂γ

+ 1
sin2
γ

∂2

∂ψ2) −i~ cot γjλy

jλJ = jλzJz + jλxJx + jλY Jy jλJ = jλZλ
JZλ

+ jλXλ
JXλ

jλJ = j
λz′
λ
J
z′
λ

+ j
λx′
λ
J
x′
λ

= −~2[
cosψ cot γ

sin θ
∂2

∂ψ∂φ
+

sinψ
sin θ

∂2

∂γ∂φ
+jλYλ

JYλ
+jλy′Jy′ − i~ cot γJy

− sinψ cot θ ∂2

∂ψ∂γ
− sinψ cot γ ∂2

∂ψ∂θ

+ cosψ ∂2

∂γ∂θ
+

(1− cosψ cot γ cot θ) ∂
2

∂2ψ
]
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(a) The subscript λ has been omitted from the symbols θ, φ, γ, ψ The expressions
for J2, j2

λ and jλJ in terms of θ, φ, γ, ψ are independent of coordinate system.
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The rotationally coupled Schrödinger equation; tumbling - decoupling
approximations

• expansion of the body-fixed wavefunctions Ψλ
JΩλ

in spherical harmonics

YjλΩλ(γλ, ψλ) (eigenfunctions of j2λ and jλzλ):

Ψλ
JΩλ

(rλ, Rλ, γλ, ψλ) =
∞∑

jλ=|Ωλ|

YjλΩλ(γλ, ψλ)wλJjλΩλ
(rλ, Rλ),

Ωλ = −J...+ J, J = 0, 1, 2, ... (179)

• substitute this into 175, multiply throughout by Y ∗
j′
λ
Ω′
λ
(γλ, ψλ) and integrate

over γλ and ψλ ( volume element sin γλdγλdψλ) finally interchange the primed
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and unprimed quantum numbers, a SE in the two scaled distances rλ, Rλ:

(tJλjλΩλΩλ
− E)wλJjλΩλ

(rλ, Rλ) +
∞∑

j′
λ
=|Ωλ|

V
λΩλ
jλj
′
λ
wλJj′

λ
Ωλ

(rλ, Rλ) +

t
Jλjλ
Ω′
λ
Ωλ+1

wλJjλ′Ωλ+1i(rλ, Rλ) + t
Jλjλ
Ωλ−1w

λ
Jjλ′Ωλ−1(rλ, Rλ) = 0 (180)

J = 0, 1, 2...; Ωλ = −J, ..+ J ; jλ = |Ωλ|, |Ωλ|+ 1, ...

t
Jλjλ
ΩλΩλ

= − ~
2µ

(
1
Rλ

∂2

∂R2
λ

Rλ +
1
rλ

∂2

∂r2
λ

rλ) +
jλ(jλ + 1)~2

2µr2
λ

+

~
2

2µR2
λ

[J(J + 1)− 2Ω2
λ + jλ(jλ + 1)] (181)
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t
Jλjλ
Ωλ,Ωλ±1 = − ~

2

2µR2
λ

ξ±(J,Ωλ)ξ±(jΩ,Ωλ) (182)

ξ±((J,Ωλ) = [J(J + 1)− Ωλ(Ωλ ± 1)]1/2, |Ωλ| ≤ J (183)

V
λΩλ
jλj
′
λ

(rλ, Rλ) = 〈jλΩλ|V λ(rλ, Rλ, γλ)|j′Ωλ〉 (184)

• for systems confined to a space-fixed plane Ωλ does not appear (or it can be
considered to have the fixed value zero) since the system does not tumble, and
there is therefore no Ωλ coupling

• in that case, jλ assumes all integer values, including negative ones, and there
is one set of jλ coupled equations for each J

• in the present three-dimensional case there is both jλ and Ωλ coupling, but still
no J coupling
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• kinetic energy matrix tjλ(rλ, Rλ) (which includes the centrifugal potential
terms) and a potential energy matrix Vλ(rλ, Rλ) whose rows and columns are
scanned by the indices jλ,Ωλ and j′λ,Ω

′
λ:

(tJλ)j
′
λΩ′λ
jλΩλ

= δjλj′λ

1∑
i=−1

δΩλΩ′
λ−i
t
Jλjλ
Ω′
λ
Ωλ+i (185)

(Vλ)j
′
λΩ′λ
jλΩλ

= δΩλΩ′
λ
V λΩ
jλj
′
λ

(186)

tJλ is diagonal in jλ (and tridiagonal in Ωλ), Vλ is diagonal in Ωλ

• defining wλJ(rλ, Rλ) as the column vector whose elements, scanned by jλ,Ωλ
are the functions wλJjλΩλ

(rλ, Rλ) 180 can be rewritten as

(tJλ + Vλ)wλJ = Ewλj (187)
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• 187 shows clearly that the potential coupling is diagonal in Ωλ

• this, along with the weakness of the centrifugal coupling (due to the terms
in tJλ of angular origin) for small J and jλ has lead to the development of
fairly accurate tumbling-decoupling approximations by several workers in studies
of non-reactive atom-diatom scattering

• in such procedures, the tJλjΩλ,Ωλ±1 terms in 180 and 185 are neglected, thereby
making 187 be diagonal in Ωλ

• in addition, the ~2/2µR2
λ term in 181 [which arises from the l2λ term in 170] is

usually replaced by an approximate expression

.• Pack replaces it by ~2J(J + 1)/2µR2
λ and McGuire and Kouri by ~2lλ(lλ +

1)/2µR2
λ, with lλ in space-fixed system

• reactive scattering: an Ωλ decoupling requires neglect of the t
Jλjλ
Ωλ,Ωλ±1

in 180
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for each arrangement channel region λ = α, β, γ

• the potential coupling matrix of 184 and (2.26) may be conveniently calculated
by expanding the potential V λ(rλ, Rλ, γλ) in a series of Legendre polynomials

V λ(rλ, Rλ, γλ) =
∞∑
k=0

V λk (rλ, Rλ)Pk(cos γλ) (188)

substituted into 184:

V
jΩλ
jλj
′
λ
(rλ, Rλ) =

∞∑
k=0

(
2jλ + 1
2j′λ + 1

)1/2C(jλkj′λ; Ωλ0Ωλ)C(jλkj′λ; 000)V λk (rλ, Rλ)

(189)
C: Clebsch-Gordan coefficients

• for collisions of an atom with a homonuclear diatomic molecule (as in H + H2),
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the only nonzero terms in 188 occur for even k [since V λ(rλ, Rλ, γλ) is symmetric
about γλ = π/2 ]

C(jkkj′λ; 000) = 0 for jλ + k + j′λ = odd (190)

Vλ does not couple even with odd rotational states

189 involves a single sum over products of Clebsch-Gordan coefficients, a
substantial simplification over the corresponding space-fixed expansion which
requires 6-j symbols

define a new function FλJjλΩλ
(rλ, Rλ):

FλJjλΩλ
(rλ, Rλ) = Rλrλw

λ
JjλΩλ

(rλ, Rλ) (191)
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substitution into 180:

(t̄JλjλΩλΩλ
−E)FλJjλΩλ

+
∑
j′
λ

V
λΩλ
jλj
′
λ
FλJj′

λ
Ωλ

+tJλjλΩλ,Ωλ+1F
λ
Jj′
λ
Ωλ+1+tJλjλΩλ,Ωλ−1F

λ
Jj′
λ
Ωλ−1 = 0

(192)

t̄
Jλjλ
ΩλΩλ

= −~
2

2µ
(
∂2

∂R2
λ

) +
∂2

∂r2
λ

+
jλ(jλ + 1)~2

2µr2
λ

+
~

2

2µR2
λ

[J(J + 1)− 2Ω2
λ + jλ(jλ+)]

(193)
in matrix form:

(t̄Jλ + Vλ)Fλj = EFλj (194)

t̄Jλ is defined similarly to tJλ and FλJ similarly to wλJ

• 192 and 194 are called the body-fixed rotationally coupled SE
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Angular momentum operators and the Schrödinger equation in space-fixed
and body-fixed coordinate systems

Relations between the rotational and total angular momentum operators in the
space-fixed and body-fixed coordinate systems

• space-fixed coordinate system Oxyz:

in terms of the variables φrλ, θrλ, φλ and θλ, components of (jλ)

jλz = −i~ ∂

∂φrλ
(195)

jλx = −i~(− cosφrλ cot θrλ
∂

∂φrλ
− sinφrλ

∂

∂θrλ
) (196)
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jλy = −i~(sinφrλ cot θrλ
∂

∂φrλ
+ cosφrλ

∂

∂θrλ
) (197)

similar expressions for the components of lλ with φλ, θλ substituted for φrλ, θrλ

components of J: J = lλ + jλ

- the eigenfunctions j2
λ and l2λ in 170 (and also of jλz and lλz ) are the spherical

harmonics Yjλmjλ
(θrλ), φrλ and Ylλmlλ

(θλ, φλ)

modified associated Legendre function Pmj

j :

Pmj

j (cos θ) = P
|mj|
j (cos θ)(

(j − |mj|)!
j + |mj|)!

2j + 1
2

)1/2×

{
(−1)mj mj > 0
1 mj ≤ 0

(198)

P
|mj|
j : associated Legendre function
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spherical harmonic Yjmj
:

Yjmj
(θ, φ) =

eimjφ

√
2π
Pmj

j (cos θ) (199)

space-fixed formalism of Arthurs and Dalgarno:

full wavefunction is expanded in terms of a set of functions YJMlλjλ(θλ, φλ; θrλ, φrλ),

which are simultaneous eigenfunctions of J2, Jz, l
2
λ and j2

λ

YJMlλjλ are related to the Yjλ,mjλ
and Ylλmlλ via

YJMlλjλ(θλ, φλ; θrλ, φrλ) =
∑

mjλ
,mlλ

C(jλlλJ ;mjλmlλM)×Yjλmjλ
(θrλ, φrλ)Ylλmlλ

(θλ, φλ)

(200)
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full space-fixed wavefunction:

ΨJM(rλ,Rλ) =
∑
lλjλ

YJMlλjλ(θλ, φλ; θrλ, φrλ)G
JM
jλlλ

(rλ, Rλ) (201)

space-fixed coupled SE for GJMjλlλ:

− ~
2

2µ
(

1
Rλ

∂2

∂R2
λ

Rλ +
1
rλ

∂2

∂r2
λ

rλ) +
jλ(jλ + 1)~2

2µr2
λ

+

lλ(lλ + 1)~2

2µR2
λ

− E]GJMjλlλ +
∑
j′
λ
l′
λ

〈lλjλ|V |l′λj′λ〉GJMjλlλ = 0 (202)

Transformation to the body-fixed coordinate systems OXλYλZλ and Ox′λy
′z′λ:
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• a convenient representation of angular momentum operators in these coordinate
systems involves choosing the operators J and jλ as independent and expressing
the l2λ of 170 by the expansion:

l2λ = |J − jλ|2 = J2j2
λ − (Jjλ + jJλ) (203)

• to convert the operators jλ and J, and thus the Hamiltonian of 170 to the
body-fixed systems requires first a change from the variables θλ, φλ, θrλφrλ to
θλ, φλ, γλ, ψλ, followed by successive rotations of the components of the operators

• rotational transformations: using the general expression

Jk′ = R(αβγ)−1JkR(αβγ) (204)
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Jk: kth component of J in an initial system and

R(αβγ) = eiγJz/~eiβJy/~eiαJz/~ (205)

Jk′: k′ component of J in a transformed coordinate system, which is obtained
through rotations by Euler angles αβγ from the initial system

see Table 1 for the resulting components of the operators J and jλ

in terms of the coordinate system OXλYλZλ the Hamiltonian of 170is :

H = −~
2

2µ
(

1
Rλ

∂2

∂R2
λ

Rλ +
1
rλ

∂2

∂r2
λ

rλ) +
j2
λ

2µr2
λ

+

1
2µR2

λ

[J2 +2
λ −2jλzλJZλ − (j−λ J

+ + j+
λ J
−)] + V λ(rλ, Rλ, γλ) (206)
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• in order to express the SE in OXλYλZλ coordinates, the wavefunction is rotated
according to 174; substituting this expression, along with 206 into 170, and using

J±DJ
MΩλ

= ~[J(J + 1)− Ωλ(Ωλ ∓ 1)]1/2DJ
MΩλ∓1, (207)

(±: components refer to the body-fixed system)
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coupled equations for the Ψλ
JΩλ

:

− [
~

2µ
(

1
Rλ

∂2

∂R2
λ

Rλ +
1
rλ

∂2

∂r2
λ

rλ) +
j2
λ

2µr2
λ

+

1
2µR2

λ

[J(J + 1)~2 + j2
λ − 2~Ωλjλzλ] + V λ(rλ, Rλ, γλ)− E]Ψλ

JΩλ

− ~

2µR2
λ

[J(J + 1)− Ωλ(Ωλ + 1)]1/2j−λ Ψλ
J,Ωλ+1 −

~

2µR2
λ

[J(J + 1)− Ωλ(Ωλ − 1)]1/2j+
λ Ψλ

J,Ωλ−1 = 0 (208)

YjλΩλ(γλ, ψλ): rotational eigenfunctions in OXλYλZλ
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• rotationally coupled body-fixed solutions analogous to 201

ΨJM(rλ,Rλ) =
∑
jλ,Ωλ

DJ
MΩλ

(φλ, θλ, 0)YjλΩλ(γλ, ψλ)wλJjλΩλ
(rλ, Rλ) (209)

( combination of 179 and 174)

• the body-fixed and space-fixed representations are related :

DJ
MΩλ

(φλ, θλ, 0)YjλΩλ(γλ, ψλ) =

(
4π

2J + 1
)1/2

∑
lλ

(−1)jλ−ΩλC(Jjλlλ; Ωλ − Ωλ0)YJMjλlλ(θλ, φλ; θrλφrλ) (210)

• 210 is of great utility in the asymptotic analysis
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